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Abstract 

Let K he a local field with algebraically closed residue field and Xk a torsor under an 
elliptic curve Jk over K. Let X be a proper minimal regular model of Xk over the ring 
of integers of K and J the identity component of the Ncron model of Jk- We study the 
canonical morphism q: Pic'^yg — > J which extends the biduality isomorphism on generic 
fibres. We show that q is pro-algebraic in nature with a construction that recalls Serre's 
work on local class field theory f|19|). Furthermore we interpret our results in relation to 
Shafarevich's duality theory for torsors under abelian varieties. 

Introduction 

This paper concerns some local studies of torsors under an elliptic curve, or more generally, under 
an abelian variety. In the following, let Ok be a complete discrete valuation ring with field of 
fractions K and algebraically closed residue field k of positive characteristic p > 0. Let tt G Ok 
be a uniformizer of Ok- Set S = Spec(0/^), denote by s its closed point and by i: Spec(A;) — )■ S 
the usual closed immersion. Let Jk be an elliptic curve over K and J the identity component 
of its Neron model over S- Given a torsor Xk under Jk of order d, let X be its proper minimal 
regular model over S- In general X is not cohomologically flat in degree over S (i.e., the 
canonical morphism A; — t- H*^ {Xs , Oxs ) is not an isomorphism) , and in particular the relative 
Picard functor Pic^y^ is not representable, not even by an algebraic space. Nevertheless, the 
functor Pic^^g is not very far from being representable. For example, in [16] (see ^ 11.1.21 for a 
brief summary) it is shown that there exists an epimorphism of fppf-sheaves 



q: PicO./^^ J 

that extends the biduality isomorphism on generic fibres. This morphism plays a very important 
role in a recent work of Liu, Lorenzini and Raynaud ([H]) where, by considering the induced 
map Lie(g) between the Lie algebras of Pic^^^ and J, together with a result of T. Saito, the 
authors prove a beautiful result about the geometry of the scheme X, namely that the Kodaira 
type of the special fibre Xg of X is exactly d times the Kodaira type of the special fibre of the 
minimal regular 5- model of the elliptic curve Jk- 

One of the aims of this paper is to study the morphism q in order to reveal other interesting 
properties. More precisely, consider the surjective map induced by q on the 5-sections (see 
^ ll.l.2l for the surjectivity of q): 

(1) q = q{S) : Pic°(X) = Pi^/siS) ^ AS)- 
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Since the gcd of the multiphcities of the irreducible components of Xg is d (see Lemma [2.1.2p . one 
finds that D := \Xs is a well-defined effective divisor of X, whose sheaf of ideals Z := Ox{—D) C 
Ox is invertible of order d, and generates the kernel of q. With the help of Greenberg realization 
functors, one can show that the morphism q is in fact pro-algebraic in nature, and we get a short 
exact sequence of pro-algebraic groups over k (see § II. 2p : 

(2) ^ Z/dZ ^ Pic°(X) 4 JCS) ^ 0, 

where the second map is given by sending 1 G Z/dZ to X € Pic°(X)(A;) = Pic°(X). 

One of the main results of this paper shows that the morphism g in ([1]) can be thought 
as an analogue of the norm map studied by Serre in his work on local class field theory |19] . 
Let us first briefly review Serre's results. Let L/K be a finite Galois extension of K of Galois 
group Tj^/j^, and let Uk (respectively Ul) be the group of units of the valuation ring Ok of K 
(respectively Ol of L). Since the Brauer group Br(i^) is trivial ([5] 8.1 p. 203), the usual norm 
map 

(3) Nl/k-.Ul^^Uk 

is surjective. By using the Greenberg realization functors, one can show that the morphism 
^L/K is pro-algebraic in nature. This means first that each of the abstract groups Uk and Ul 
can be naturally endowed with a pro-algebraic structure. We will denote by Uk and Ul the 
pro-algebraic groups obtained in this way. Moreover, the norm morphism in ([3]) is the morphism 
on fc-rational points induced by a morphism of pro- algebraic groups: 

(4) Nl/k-Ul^Uk . 

On the other hand, the two pro-algebraic groups in ^ are naturally filtered: for each n > 1, 
one can define a pro-algebraic subgroup U^ of Uk whose group of fc-rational points is given by 
the group U"^ of ?7,-units in K: 

U^{k) = := ker {Uk ^ (Ok/tt'^OkV) 
Hence Uk has the following filtration by its pro-algebraic subgroups: 

■ ■ ■ C U^+'^ cU^C---CUkcU^ = UK. 
Similarly, Ul has the following filtration 

• • • C C/£+^ CU2 C ■■■ CUIcUI = Ul. 

In [19], Serre proved that these two filtrations are in fact compatible with respect to the norm 
map (jl}. More precisely, for each n G Z>o, the map Nl/k in sends U^^"'^ onto U^, where 
= i^L/K- ^>o ~^ ^>o is the Herbrand function attached to the extension L/K, and used to 
define the upper numbering of the ramification filtration of the Galois group Tl/k- 

In the situation of the present article, the two pro-algebraic groups in ([2]) are also naturally 
filtered (see § l3.1l for more details): the sheaf of ideals I = Ox{—D) allows us to define a X-adic 
filtration on the first group Pic''(X); and on the other hand, the group J(S) has a natural 
TT-adic filtration. In § 13.31 we will explicitly compare these two filtrations. In order to get the 
right index in the comparison, we define and study in § [2] two numerical functions associated 
with the torsor Xk which can be thought as the analogue of the Herbrand functions used by 
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Serre in |19j . All these comparison results are explained in terms of the Greenberg realizations 
of Pic^/5 and J (see Theorem I3.4.3P . 

A second goal of this paper is to study the short exact sequence ([2]) in the framework of the 
duality theorems for abelian varieties. By using the short exact sequence ([2]), we get, for each 
torsor Xk of order d, an element of the group Ext^( J(S'), Z/dZ) of extensions in the category 
of Serre pro-algebraic groups. More generally, considering torsors of order dividing d we can 
actually define a natural map of sets (see §[5] for details): 

(5) M\{K,JK)^'£'^il{J{S),'L/d'L). 

This construction is analogous to the one used in |19j to relate the Galois group of the 
maximal abelian extension of the field K with the fundamental group of the pro-algebraic group 
Uk- namely, let L/iiT be a finite abelian extension of Galois group Tijj^, and let Vl be the kernel 
of the norm map Nl/k in @- One then has the following short exact sequence of pro-algebraic 
groups 

(6) O^Vl^Ul Uk ^ 0. 

The above sequence provides a homomorphism '7Ti{Uk) T^oi^L) between the fundamental 
group of the pro-algebraic group Uk and the group of connected components of Vl- Moreover, 
there is a canonical isomorphism r: 7ro(y£,) — )■ T^/k (cf- |19j . 2.3). Now, the push-out of the 
sequence ([6]) via the composition of r with the canonical homomorphism Vl — > vro(VL) provides 
an element of Ext^(J7i<:5 T^./^), hence a homomorphism tti{Uk) -^^l/k^ where Tl/k coincides 
with its component group because it is a finite group. By passing to the limit on L, Serre 
obtained a homomorphism 9: iti{Uk) T^. There exists then a homomorphism 

e*: R^{K,Z/dZ) = Rom{rf,Z/dZ) ^ Hom(7ri((7K), Z/dZ) = Ext^(J7K, Z/dZ), 

which is in fact an isomorphism (cf. [19], 4.1). From this fact Serre deduced the main result of 
|19j . namely that 9 is an isomorphism, and thus provided a "geometric" characterization of F^. 

Now, our construction of the morphism appears to be an analogue of Serre's construction. 
It then makes sense to ask if the map $d is an isomorphism too. 

We then come to the second main result of this paper, which gives a new construction 
of Shafarevich's pairing using the relative Picard functor. Since this discussion also holds for 
abelian varieties of higher dimension, let us, more generally, consider an abelian ET-variety, Ak 
and a torsor Xk under Ak of order d. It is known that it is still possible to associate to Xk an 
extension of the pro-algebraic group Gr{A'^) by Z/(iZ and that this construction, provides an 
isomorphism 

(7) RI{K,Ak) ^ Ext(Gr(^'°),Q/Z) = Hom(^i(Gr(^'°)), Q/Z), (Shafarevich duality) 

where A'^ is the identity component of the Neron model of the dual abelian variety and Gr{A'^) 
denotes its perfect Greenberg realization (see ^ II. 2p . The result in ([7|) was proved by Shafavare- 
vich for the prime-to-p parts, by Begueri in [1] for K of characteristic and by Bester and the 
first author, respectively in [3] and [2], for the equal positive characteristic case; there are also 
results of Vvedenskii on elliptic curves. In the fourth section of the paper, after recalling the 
construction of Shafarevich's duality d?]) in the case of mixed characteristic, we slightly modify 
Begueri's construction using rigidificators. The latter construction works in any characteristic. 
Then we construct a morphism as in ([7|) via the relative Picard functor and we show that it 
always coincides with the modified Begueri construction and thus with Shafarevich's duality for 
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K of characteristic 0. In the characteristic p case it coincides with Shafarevich's duality on the 
prime-to-p parts. The analogous result for the p parts, although expected, is still open. 

In the fifth section of the paper, as a direct corollary of the previous study of the Shafarevich's 
pairing, we show that the map in ([5]), only defined for Jk an elliptic curve, is a morphism of 
groups. Furthermore if d is prime to p, or with no restriction on d in the mixed characteristic 
case, is the restriction of ([7]) to the d-torsion subgroups. In particular it is an isomorphism. 
This is done by showing that, in the case of elliptic curves, the short exact sequence ^ coincides 
with the sequence associated with Xk via the new construction of ([7]) given in § [H 

This paper arises from the confluence and the comparison of the results contained in the 
preprints [3] and p2] . 

1 The Picard functor and the Greenberg functor 

In this section we recall well-known results on Picard functors and Greenberg functors. As usual, 
we denote by Sch/X the category of X-schemes and by 2tb the category of abelian groups. For 
simplicity, we will assume in the following that S = Spec(C'x) is the spectrum of a discrete 
valuation ring Ok, with K the fraction field of Ok and k its residue field. 

1.1 The Picard functor 

1.1.1 Definitions and first results 

Let / : X — > 5" be a proper morphism of schemes. We denote by 

Vicx/s- Sch/5^2lb 

the relative Picard functor of X over S, i.e., the fppf sheaf associated with the presheaf S' i— )> 
Pic(X Xs S'). It is also the sheaf for the etale topology associated with the presheaf 5' i-^ 
Pic(X xsS') 1-2). 

Suppose in the following that / is proper and flat. In general the functor Pic^/s is not 
representable. It is representable by an algebraic S'-space if and only if X/S is cohomologically 
flat (in degree Oj, i.e., if the formation of the direct image f^^Ox commutes with base change. 
Even when V\cx/s is not representable, it has a nice presentation by algebraic S-spaces. To see 
this fact, we recall the notion of rigidificator. 

Definition 1.1.1 8.1/5). Let i: Y ^ X he & closed immersion of S'-schemes with Y finite 
and flat over S. One says that (y, i) is a rigidificator of V\cx/s if following condition holds: 
for any 5-scheme S', if i' : Y' ^ X' denotes the morphism obtained from i after base change 
along S' ^ S, the map 

r(i'): r{x',Ox')^r{Y',OY') 

is injective. 

In the sequel let / : X — > 5 be proper and flat, and let {Y,i) be a rigidiflcator of Picx/5; it 
exists by the hypothesis on / ([16] proposition 2.2.3 (c)). For any scheme S' over S, an invertible 
sheaf on X' = X Xs S' , rigidified along Y' , is a pair (£, a), where C is an invertible sheaf on 
X' and a: Oy' — i'*jC is an isomorphism (i.e., a is a trivialization of i'*C). An isomorphism 
between two rigidifled invertible sheaves (£, a), {A4, (3), on X' is an isomorphism of Ojsf /-modules 
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u: C ^ A4 such that the fohowmg diagram commutes: 



i'*C — ^ i'*M . 




Denote then by (Picj!^/^, y)(5") the set of isomorphism classes of invertible sheaves on X' 
rigidified along Y'. As 5' varies in the category of 5-schemes (Sch/5), the association S' t-^ 
(Picx/s, y)(5'') defines a functor of abelian groups (Picx/s,y), called the rigidified Picard func- 
tor of X/S relative to the rigidificator Y. Concerning its representability we have: 

Theorem 1.1.2 (|16j. 2.3.1 &: 2.3.2). The functor (Picx/sj^) representable by an algebraic 
space over S, locally of finite presentation. Furthermore, if X/S is a curve, the algebraic space 
(Ficx/s^Y) is smooth over S. 

One has a canonical morphism of sheaves of groups r : (Picx/s, ^) ~^ ^^'^X/Si that forgets the 
rigidification. Etale locally, any element in Ficx/si^') is represented by an invertible sheaf on X' 
such that its pull-back to y' := y X5 5' is trivial (this is possible since Y is finite). Hence r is an 
epimorphism for the etale topology. To study the kernel of r, denote by Vx (respectively by Vy) 
the fppf sheaf on Sch/5, given by S' ^ r{X', Ox')* (respectively by S' ^ r(y', Oy)*). They 
are representable by S-schemes (cf. [16], 2.4.0). By definition of rigidificator the natural map 
Vx — >■ Vy is injective. Let u: Vy ^ (Picx/5,y) be the map defined as follows on ^'-sections, S' 
an S'-scheme: 

a G V^{S') = TiYs>,0*y^,) ^ {Ox,,,aa) G iPicx/s,Y){S') 

where Ua- Oyg, — )■ Oyg, = Ox^,\y , is the multiplication by a. Clearly im(n) C ker(r) and thus 
one obtains a complex of fppf sheaves over S: 

(8) o^v^^V^^ (Picx/5, Y) Ficx/s 0, 
which is exact for the etale topology ([E], 2.1.2(b), 2.4.1). 

1.1.2 Neron models and Picard functors 

We suppose in this section that the discrete valuation ring Ok is strictly henselian with alge- 
braically closed residue field. In particular, the Brauer group Jir{K) = 0. Let /: X — t- S* be a 
proper and flat curve with geometrically connected fibres. Denote by P (respectively by (P,y)) 
the open subfunctor of Picx/5 (respectively of (Picx/s, Y)) consisting of invertible sheaves of to- 
tal degree (respectively of invertible sheaves of total degree rigidified along Y). Then (P,y) 
is an open algebraic subspace of (Picjic/5, y), ^.nd P is the schematic closure of (Picx/5)^ 
Picx/5, while (P,y) is the schematic closure of (Picx/s^Y)^ in (Picx/5,y)- Denote by E the 
schematic closure of the unit section of Pk in P) and define Q as the fppf quotient of P by E. 
It is the biggest separated quotient of P. It is representable by a separated group scheme over 
S ([E], 3.3.1). Denote by q the canonical map 

(9) q:P^Q; 

it is surjective for the fppf topology, and it induces an isomorphism on generic fibres since Ek 
is the unit section of Pk = Pi^x^/x- 
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Theorem 1.1.3 ([llj, 3.7). Let f : X ^ S be a proper and flat curve with X regular and 
f*Ox = Os- Then the group scheme Q/S is the Neron model ofPx = Pic^^^y^. 

Suppose then X regular. Denote hy J = the identity component of Q, and by Pic^/5 
the subfunctor of P C Picx/5 given by the invertible sheaves of degree on each irreducible 
component of X. Since the functor Pic|^^^ has connected fibres, the restriction to Pic^^g of q in 
([9]) factors through the identity component J of Q. By abuse of notation, we will use the same 
letter q to denote the induced map: 

(10) g:Pic°,/5^J. 
Finally, since Jir{K) = 0, the following map 

(P, YfiS) = (Picx/5, ^)°(5) ^ J{S) , 

induced by the morphism r in ([8]) is surjective (see the proof of 9.6/1 of |5]); hence so too is the 
morphism (again denoted by q) induced by p^ : 

(11) q = q{S) : pO(5) = Pic^/<,(5) ^ J(5) . 



1.2 Pro-algebraic groups and Greenberg functor 

From now on, we suppose that the discrete valuation ring Ok is complete with algebraically 
closed residue field k. In the following, a pro-algebraic group over k is a, pro-object in the category 
of fe-group schemes of finite type (see jl4j . |12j). This notion, does not coincide with the notion 
of pro-algebraic groups introduced by Serre in [18], where the author considers the category of 
/c-group schemes, but up to purely inseparable morphisms. Since we use both categories, we call 
the objects of the latter category Serre pro-algebraic groups, and denote them with bold letters. 

Let G be a smooth group scheme of finite type over S. The Greenberg functors allow us to 
construct a pro-algebraic group over k associated with G whose group of /c-points is G{R). Let us 
recall the construction. We denote by W the ring of Witt vectors of k and by W the Witt functor 
on the category of /c-algebras Alg/k. Let n € Z>i and OK,n = Ok/t^^ ■ Then Ok^u is canonically 
a M^- module of finite length. Let M„ be its associated Greenberg algebra (see [10], Appendix A), 
which is by definition the fpqc sheaf on Alg/A; associated with the pre-sheaf: A 1— )• O k ,n®w^ [f^) ■ 
One defines then Gr„(G) as the sheaf on Alg/A; given by A 1— >■ G(M„(A)). It is representable by 
a smooth /s-group scheme of finite type ([7]). For any n > 1, the canonical map Ox^n+i OK,n 
induces a smooth morphism of A:-group schemes an'- Gr„+i(G) — >■ Gr„(G), whose kernel is a 
connected unipotent A;-group scheme. Furthermore the canonical map G{OK,n) Gr„(G)(A;) is 
an isomorphism. Thanks to this identification the morphism a„(A;) : Gr„+i(G)(A;) — >■ Gr„(G)(fe) 
is identified with the canonical morphism G{OK,n+i) — ^ G{OK,n)- The algebraic fe-groups 
Gr„(G) form then a projective system {(Gr„(G), «„)}„>! of algebraic A;-groups with smooth 
transition maps having connected kernels. We will denote it by Gr(G) and call it the Greenberg 
realization of G. Furthermore, as explained in [12], III § 4, if we consider the perfect group 
schemes Gr„(G) associated with the fc-group schemes Gr„(G), they are quasi-algebraic groups 
in the sense of [l8], 1.2, and hence the projective system Gr(G) = {(Gr„(G), a.n)}n>i determines 
a pro-algebraic group in the sense of Serre; we will call it the perfect Greenberg realization of 
G. The group of fc-rational points of Gr(G) is G{S). For this reason sometimes we denote it 
by G{S). Observe that this construction also works for any smooth ^-scheme G, but Gr(G) 
may not be a Serre pro-algebraic group, since its component group may not be profinite: for 
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example, consider as G the Neron model of Gm,K'-, then Gr(G) is the projective limit of perfect 
/c-schemes having component group Z. 

In the category of Serre pro-algebraic groups, the component group functor ttq admits a left 
derived functor vri which is left exact. We list below some well-known facts used in this paper. 
By simply assuming them, the reader unfamiliar with the theory of pro-algebraic groups we be 
able to follow the proofs. 

i) If y is a smooth S-group scheme of finite type, then GriY^) = Gr(y)'^, 7ro(Gr(y)) 
coincides with the component group of the special fibre Yg and 7ri(Gr(y)) is a profinite 
group. 

ii) If P is a Serre pro-algebraic group and is its identity component, then vri(P) = 7ri(i-''^). 

iii) A short exact sequence of smooth 5-group schemes of finite type 0— 7>yi^y2— )-Y3— 7>0 
provides a long exact sequence of profinite groups (cf. [IB], 10.2/1) 

^ ^i(Gr(yi)) ^ ^i(Gr(y2)) ^ 7ri(Gr(y3)) ^ 

^ ^o(Gr(yi)) ^ ^o(Gr(y2)) ^ 7ro(Gr(y3)) ^ 0. 

1.2.1 Greenberg functor and Picard functor 

Let /: Z — )> S" be a proper morphism of schemes with Z of dimension one and f{Z) = {s}, e.g. 
for X/S a flat curve, one can take Z = X xs Spec(Oi<-^„) viewed as an S'-scheme. The map 
/ is never flat and the Picard functors Pic^/5 and Pic^^^ are not represent able. However, as 
shown by Lipman in [10], the Greenberg realization of the sheaf Picz/s (respectively of Pic^^^) 
is represented by a smooth A;-group scheme. More precisely, one takes Gr(Pic^/5) (respectively 
Gr(Pic^y^)) as the fppf sheaf associated with the presheaf (|10j. 1.8) 

Alg/A:^2lb, A ^ Pic2/5(M„(A)) (resp. A ^ Pic°/5(M„(A))). 
where, as above, M„ denotes the Greenberg algebra associated with OK,n- 

Theorem 1.2.1 (|10j). Let f : Z ^ S be as above. Then the functor Gr{Picz/s) (respectively 
Gr(Pic^y^)J is representable by a smooth k-group scheme (respectively by a smooth and con- 
nected k-group scheme), whose dimension is equal to the length of the W -module Il^{Z,Oz). 
Furthermore, the canonical morphisms 

Pic(Z) ^ Gi(Picz/sm, Pic°(Z) ^ Gr(Pic|/s)(A;) 

are isomorphisms. 

2 Herbrand functions 

The content of the next two sections is mainly from the preprint |22j . From now on, let K be 
a local fleld with algebraically closed residue fleld k and denote by Ok its ring of integers. Let 
Ak be an elliptic curve, Xk a torsor under Ak over K, and f : X ^ S a flat proper curve such 
that the following conditions are satisfied: (i) f>t{Ox) = Os; (ii) The generic fibre of X/S is 
given by the torsor Xk/K, hence is a geometrically connected algebraic curve, which is smooth 
of arithmetic genus 1 (i.e., dim^^ H^(XK,Oxjf) = 1); (hi) X is a minimal regular surface over 
S. Let Xs = X]i=i "iT-iCi be the decomposition of the special fibre Xg into the sum of its reduced 
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irreducible components, and denote by d the gcd of the integers rij. Moreover, let D be the 
divisor of X given by 

(12) ^. = E^C.. 

i=l 

and let I be the ideal sheaf of D. The special fibre Xs of X is then defined by the ideal sheaf 
I'^ = ttOx C Ox- For each n G Z>i, let X„ be the closed subscheme of X defined by the ideal 
I" C Ox- Hence, Xn is the closed subscheme of X which defines the divisor nD of X. The 
aim of this section is to study the variation of the numerical function n i— )■ h^{Xn, Ox„) {'-= the 
length of the Ox-module Il^{Xn, OxJ)- 
We recall the following useful result. 

Lemma 2.0.2 ([13], p. 332). Let L be an invertible sheaf over Xi, which is of degree on each 
component of Xi. Then, i/H^(Xi,L) / 0, we have L ~ Oxi and H'^(Xi,C'xi) — k. 



2.1 Study of the dualizing sheaf 

We begin with two classical results. 

Lemma 2.1.1. With the notation as above, and in particular for J/< = Pic^^^j^. 

(1) There is a canonical isomorphism of elliptic curves l: Aj^ ~ J/<. 

(2) Let a: Ak — ?• Jr be the isomorphism obtained by composing the isomorphism a: Ar ~ A^^ 
sending a E Ar to OAif{a — o) (here o G Ax is the neutral element), with the isomorphism 
L in (1). Then the canonical map ip: X^ — > Pic^^^^ sending x to Oxj^ix) is equivariant 

with respect to the isomorphism a, where P^c^^^/k is the Picard scheme which classifies 
the line bundles of degree 1 on Xr. In particular, under the identification given by a, the 
torsor Xk G Hg(il', Ak) is equal to the torsor Pic^^^^ in Hg(i(', Jk)- 

Proof. The first fact is proved in [T7], XIII, 1.1. For the second fact, in order to verify that 
the morphism tp is equivariant with respect to the morphism a, by descent, we need only 
prove the corresponding statement over a separable closure K of K. Over K, the isomorphism 
a: Af^ J^f can be explicitly described by mapping a G Aj^ to Oxf.{cL ■ xq — xq) with xq G 
Xk{K). Hence to show the desired property of (2), we are reduced to proving the following 
equality between line bundles on X^'- for any x G Xk{K), and any a G Ak{K) we have 
Oxj^ici-x) Oxj^{a-XQ—XQ)()SiOxj^ix), or equivalently, Oxj^{a-xo—xo) ~ Ox^(a-x— x). Indeed, 
since the isomorphism is independent of the choice of xq, we have cr(a) = i-k xoi'^i^)) ~ 

Oxgia ■ Xq - Xq) = = C'x^ (o -X-x). □ 

Lemma 2.1.2. Let di be the order of the torsor Xk in the group Hg(J^, J^^), and d2 be the 
minimal degree of extensions K' of K such that Xk{K') 0- We also define d^ as the minimum 
of the multiplicities of the irreducible components of Xg. Then we have di = d2 = d-^ = d, with 
d as in (|12p . 

Proof. We will prove this Lemma by showing that d < di < d2 < d^ < d. Let n G Z>o be a 
positive integer, by Lemma [2. 1.11 (2). the torsor nXx is isomorphic to the irreducible component 
Pic^yg of Picxjf/K which classifies the invertible sheaves of degree n. Hence, the torsor nXx is 
trivial if and only if Pic^^y^(i^) ^ 0. On the other hand, since Ok is strictly henselian with 
algebraically closed residue field, we have Bt(K) = 0. Hence, Pic^^y^(ir) = Fic"'{XK)- As a 
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result, di is also the minimum of the degrees of the divisors with positive degree on Xk- Now, 
let T,K C Xk be any divisor with positive degree, and let S be its schematic closure in X. Then 
we have deg(Sx) = T, ■ Xg = T, ■ {dD) = • D). Hence (i|deg(Sx), in particular d < deg(5]/^). 
As a result, we get d < di. Next, by definition of d2, there exists a closed point of degree ^2 on 
Xk, hence a divisor of degree d2 on Xk, so we have di < d2- Since Ok is strictly henselian, 
for each i, we can find a positive divisor Aj of X/S of degree ([5] 9.1/10). In particular, we 
have ^2 ^ ''^i for each i, hence we get d2 < ds. Finally, to see that d^ < d, note that a suitable 
combination of Aj gives us a divisor A' of degree d of Xk- In general, the divisor A' might be 
not positive, but since Xk is of arithmetic genus 1, and d > 1, we have hP{XK, Oxk{^'k)) > 
Hence there exists hence a positive divisor A/< of degree d of Xk which is linearly equivalent to 
A^. Let A = /S.K the schematic closure of IS.K in X, we have 

d = deg(Ai^) = A • X, = d(A • D). 

In particular, A • D=l, and A n = {y} consists of only one point, and D is regular at y. 
Let Ci be the irreducible component of D passing through y, then Ci is of multiplicity d in X^, 
whence ^3 < d. This completes the proof. □ 

We denote by uJx/s — f'^s tbe relative dualizing sheaf of / : X — ?• 5, and for any n > 0, let 
ojn be the dualizing sheaf of Xn/S. Hence ujn = {C>x{Xn) (8) ^x/s) \x„', we denote with the same 
symbol the corresponding divisor on X. Since X is regular, X/S is local complete intersection 
and the dualizing sheaf oJx/s is invertible. Moreover, since Xk/K is smooth projective of 
genus 1 and the formation of the dualizing sheaf is compatible with base change, one finds that 
(ux/s) K ~ ^^K- On the other hand, according to the Grothendieck-Serre duality theorem, for 
any coherent sheaf F on X„,, we have the following canonical isomorphisms: 

hO(X„,^^ ®L^„) ~ ExtJ,^^,(Hi(X„,^),Oi^). 

Since the O^-module H^(X„, J-") is killed by vr*^, we also have 

ExtJ,^^,(Hi(X„, Ok) ^ Homo,, (Hi (X„, J"), Ok/t^'^Ok) • 

for any integer m > n. 

Lemma 2.1.3. For any i = 1, - ■ ■ , r, we have cox/s ■ Ci = 0. 

Proof. Since ujx/s\xk - ^Xki we have uJx/s ■ X^ = 0, i.e., J2l=i {'^x/s ■ Ci) = 0- In particu- 
lar, we get the Lemma if r = 1. Suppose now r > 2; since Ci ■ Xg = 0, we obtain Ci ■ Ci < 0. If 
^x/s • Ci < 0, since 2g{Ci) — 2 = [ojx/s + Ci) ■ Ci > —2, we have g{Ci) = 0, Ci ■ Ci = —1. This 
gives us a contradiction with the fact that X/S is a minimal regular surface. So {tox/s ' Ci) > 0. 
As a result, uJx/s • Ci = for any i. □ 

Corollary 2.1.4. There is a unique integer n, < n < d, such that uJx/s — 

Proof. Since ujx/slxjf — ^x^, ^x/s — ^x{Y), with Y a divisor of X with support contained 
in Xs. Hence, y is a combination of the components Ci. On the other hand, according to the 
previous Lemma, Y ■ d = 0, we have Y ■ Y = 0, hence, y is a rational multiple of Xs ([5], 
9.5/10), i.e., Y is linearly equivalent to nD with < n < d, whence the Corollary follows. □ 

Corollary 2.1.5. Suppose that f: X ^ S has a section a defined by the ideal sheaf J^. Set 
oj = J / j'^ , viewed as a coherent sheaf on S via the closed immersion a: S ^ X. Then we have 
a canonical isomorphism lox/s — f*^- 
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Proof. By assumption, the torsor Xk has a if-rational point; it is then trivial as a torsor under 
Jk- According to Lemma 12.1.21 we have then d = 1. As a result, ujx/s — (Corollary 12. 1.4p . 
and the canonical morphism f* f*(jJx/s ~^ ^x/s given by adjunction is an isomorphism. On the 
other hand, we have the canonical isomorphisms: Os — {fa)^'Os — cj\ijJx/s)[~^ — a*ujx/s'^'^^ ■ 
Hence uj ~ a*0Jx/s — ^* f* f*^x/s ~ f*^x/s we get the following canonical isomorphism 
~ f*f*^x/s - ^x/s, as required. □ 

Remark 2.1.6. In the general case when / doesn't necessarily have a section, we can consider 
the 5-proper minimal regular model f : X' — ?> 5 of the elliptic curve X'j^ = Pic^^,y^. As a 
result, /' has a canonical section given by e, the schematic closure of the identity element of X'^ 
in X'. Its dualizing sheaf is f'*uj (with u defined by the section e, see Corollarv l2.1.5p . One can 
then recover the sheaf ujx/s from the sheaf cj, by using some numerical invariants of X/S; see 
^2.31 for more details. 



Let n > 2 be an integer, and C an invertible sheaf on X, which is of degree on each 
component of Xi. Consider the following short exact sequence of sheaves over X 

^ Ox(.-Xi)\x^_, ^ Ox^ ^ Ox, ^ 0; 

by tensoring by the invertible sheaf C'^ ^cox/si-^n), and using the fact that X„ = nD as divisor 
on X, we get the following exact sequence of sheaves over X 

(13) ^ (g) Un^i ^ (g> UJn ^ (S> UJnlXi ^ 0, 

where we also write for the direct image of uji under the closed immersion Xi ^ X. Hence 
we have the following exact sequence 

(14) O^HO(X„_i,/:^®a;„_i) ^HO(X„,/:^0a;„) ^hO(Xi,/:^®w„|xJ. 
As a result, we have (by applying Lemma l2.0.2p 

/iO(X„_i,£^0a;„_i) < h^{Xn, ® cOn) < /i°(X„^i, a;„_i) + 1. 

Lemma 2.1.7. With the same notations as above, we have either LOn — ^\x„, oind in this case 
'H^{Xi,C^ ® u}n\xi) — k and the sequence [T4\ ) is right exact, or tOn 9^ ^\x„, in which case the 
canonical morphism 

hO(X„_i, ® w„_i) ^ hO(X„, C5 u;,) 

is bijective. 

Proof. Suppose first that ujn — so that C"^ ®ojn — Ox„- Then the last map of the sequence 

()14p can be identified (in a non canonical way) with the canonical map 

(15) hO(X„,OxJ^hO(Xi,OxJ. 

By Lemma[2l21 we have Yi^{Xi,Ox^) ^ k. Hence, every element of H'' (Xi , Oxi ) can be lifted 
to an element of }l^{Xn,Ox„)- As a result, the map (fT5|) is surjective and hence the complex 
is right exact. Thus we obtain the first assertion. Next, suppose a;„ ^ ^\xn- In this case, 
{uJn ^ C'^)\xi 9^ Oxi (use (fT3]l repeatedly) and by Lemma [2.0.21 the term on the right in (fH|l is 
trivial. So the canonical map 

hO(x„_i, z:^ €5 ^^„_i) ^ hO(x„, ^ ^^„) 

is bijective. □ 
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Next we investigate the Picard group of X^- Let ?i > 2 be an integer. The kernel of the 
surjective morphism Pic(X„) — ?> Pic(X„_i) is an O/^-module of finite length killed by p. More 
precisely, consider the closed immersion Xn~i ^ Xn, given by the ideal sheaf 91 := Z"~^/Z" C 
Ox„- The sheaf 91 is nilpotent (in fact, OI^ = 0), so we get a short exact sequence of abelian 
sheaves over X„ (where we omit to write the obvious direct images): 

^ 1 + 01 ^ ^0*x , ^ 0. 

Since = 0, the morphism x i-^ 1 + x defines an isomorphism of abelian sheaves 

Since Xn has dimension 1, the cohomology groups H^(X„, 1 + 9T) ~ H^(X„, 91) are zero. In this 
way we get the following long exact sequence 

HO(X„_i,(!?i_J A R\Xn, 1 + 01) ^ Pic(X„) ^ Pic(X„_i) 0. 

On the other hand, from the following exact sequence of sheaves over X: 

^ 01 ^ Ox„ ^ Ox^., ^ 0, 

we obtain a long exact sequence (recall that H^(X„, 01) = 0): 

hO(X„_i,Ox„_i) A H^(X„,Ot) ^ H^(X„,OxJ A Hi(X„_i,Ox„_i) ^ 0. 
We have then the following result: 

Lemma 2.1.8 (Devissage d'Oort, [15], Proposition in § 6). Keeping notations as above, one 
then has /3(im((})) = im{d*). 

As a result, ker(a) ~ coker(5) (as abelian sheaves). Since 01 = Z^~^/Z^ is an Oi^-module 
killed by p, it follows that ker(Q) ~ coker(9) is an O/^-module of finite length killed by p. Hence, 
if we denote by d' the order of the invertible sheaf then for any n > 2, the order of I\xn is 
of the form d'p^. Moreover, since the kernel of Pic(X„) Pic(X„_i) is killed by p, we find that 
the order of I\xn is equal either to the order of Z|x„_i, or p times the order of Z|x„_i- On the 
other hand, since I\xk — ^Xk-> ^'^d since the invertible sheaf X is of order d, by Lemma 6.4.4 in 
[16| . for m G Z sufficiently large, the invertible sheaf Z|x„ is of order divisible by d. Moreover, 
since X is of order d, the order of X\x^ divides d. Hence for m ^ 0, the order of X\x^ is equal 
to d. Now, we write d = d'p^ with r > a suitable integer, and for z = 0, ■ • • , r, we let rrii be 
the smallest integer n such that X\x„ is of order d'p^. Let also 

(t>{n) :=h\Xn,OxJ 

be the length of the Oi^-module H^(X„,Ox„)- According to Lemma [2.1.71 we have (pin) > 
(j){n — 1). Moreover, </>(n) > (j){n — 1) if and only if ojn — Ox„, in which case 4>{n) = (j){n — 1) + 1. 
One then gets from Lemma l2.1.8l the following Corollary: 

Corollary 2.1.9. Let n > 2 be an integer. We have either (pin) = (pin — 1), in which case the 
morphism a: Pic(X„) Pic(X„_i) is an isomorphism, or (p{n) = (pin — 1) + 1, in which case 
ker(a) is an Ok -module of length 1, and hence a k-vector space of dimension 1. 

Lemma 2.1.10. Keeping the above notations, one has: 
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(i) For i = 0, • • • ,r, the sheaf comi is isomorphic to Ox^ ■ 
(a) There exists an integer > such that rrii^i = nii + kid'p^ . 

(Hi) The integers m € (mj,77T,j_|_i] such that (p{m) = (f){m — 1) + 1 are exactly those which can 
be written as m = mi + hd'p^ for some integer h. 

Proof, (i) Let n > 1 be an integer such that the order of I\x„ is different from that of 
We then have (f){n) = (f){n — 1) + 1, and the canonical map Pic(X„) — > Pic(X„_i) has a kernel 
of length 1 (Corollary I2.1.9p . Now use the exact sequence (I14p once again. By duality, the 
injective morphism {Xn~i, 0Jn~i) H'^(X„,(^„) has a non trivial cokernel, and this implies 
that ujn ^ Oxn (Lemma ETTl)- 

For the assertions (ii) and (iii), recall that = ^x/s{^i^)\xmi^ by Corollarv 12.1.41 
there exists an integer n {1 < n < d — 1) such that u^x/s — 2^"- Let Cm '■= wx/5("i-D), then 

Cm ^ X"-™. But iOm,+, = Cm,^,\x^^^, = ^"^+'\Xr^^^, ^ • ^ence, UJm^^,\x^^ = 

^ Ox^^ by (i). Since u^^l = ^"^x^^ ^ we have X'"'+^-'"Hx^^ ^ oi^^, 

and thus there exists an integer A;^ > such that mj+i = mj + kid'p^. The same argument also 
gives us that, for an integer m so that mj+i > m > rui and (j){m) > (f)(m — 1), there exists 
an integer < h < ki verifying m = nii + hd'p^ . Conversely, let m be an integer of the form 
m = rui + hd'p^ (for some < h < ki] we show that (j){m) > (j){m — 1). We may assume that 
m < 7TT,j-(_i, hence T.\x^ is of order d'p*. By Lemma l2.1.71 we only need to show that u^m — 
But 

,, ~ T""*"!,, _ -jn-mi-hd' p"- \ _ q-n-mi+i+mi+i-mi-hd' p"- \ 

— \Xm — -'- \Xm — -'- \Xm 

^ u^m.^^x^®x^'^-''^'''^^x„.^ox^ 

since Wm^+i — C'Xm. and X|x„, is of order d'p^. This completes the proof. □ 



2.2 The function ip 

We now come to the key construction of this section. We define a function ip : R>o R->o such 
that the graph of is just the concave envelope of the set {(n,0(n)) | n € Z>o} C R^. Then 
(/? is a continuous function, strictly increasing, and piecewise linear. Moreover, (/^(O) = 0, and 
(^(1) = 1. Let "0: R>o ~^ R>o be its inverse. Hence, ip is also continuous and piecewise linear. 
For any integer n > 1, Tp{n) is just the smallest integer m > 1 such that (p{m) = n. If we denote 
by dn the order of the invertible sheaf I\x^^„y then by Lemma 12.1.101 we have 

(16) ^p{n + l) =ip{n)+dn, 

and for all m € Z such that 'ip{n) < m < ^/'(n+1), the morphism of groups Pic(Xm) — )• Pic(X^(„)) 
is an isomorphism (Corollarv I2.1.9p . We call the functions p>,ip- Z>i — >■ Z>i the Herbrand 
functions, which are exact analogues of the Herbrand functions used by Serre in [19] . 
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To finish this section, we present some corollaries of the previous discussion, which will be 
useful in the next section. The first follows directly from Lemma 12.1.71 by duality. 

Corollary 2.2.1. Let C be an invertible sheaf on X, of degree on each component of Xi, and 
let n be an integer > 2. Then we have h^{Xn-i, >C|x„_i) < h^iXn, ^\x„) < h^i^n-i, ■C\x„_i) + l- 
Moreover, h^{Xn,C\xJ = h^{Xn^iX\xr,-i) + 1 «/ and only if C\x„ ^ Wn- 

Corollary 2.2.2. Let C be an invertible sheaf on X, of degree on each component of Xi, and 
let n be an integer > 1. Then, if the morphism K^{X,C) — > {Xn, C\x„) is not bijective, there 
exists an integer m > n such that -C^|x„ is trivial on Xm- 

Proof. We first remark that the morphism H^(X, — t- H^(X„,>C|x„) is surjective, and we 
have H^(X, £) = ^im^^^ H^(Xm, jC|x„)- Moreover, the morphism is not bijective if and only 

if there exists m > n such that IL^{Xm,C\x„J — > ii-^{Xm-i, Clx^n-i) is not injective. By 
duality, this is equivalent to saying that the injective morphism H'^(Xm-i, (^iWm-i) — > 
{Xm, \xm ®'^m) is not surjective. Hence, we have -C^lx^ "Sn^m — fLemma l2.1.7p and 
one concludes. □ 

For C an invertible sheaf on X of degree on each component of Xi , the Ox-module {X, C) 
is of infinite length if and only if Tjxji- — Oxk^ that is, if and only if C is isomorphic to a power 
of X = Ox{—D) (see the proof of Corollarv l2.1.4p . Hence when C\xji is not isomorphic to Ox^, 
the O/^-module H^(X, £) is oi finite length. Moreover, we have 

Corollary 2.2.3. Let C be an invertible sheaf on X of degree on each component of Xi, 
and let n > 1 be an integer. Suppose that the Ok -module }1^{X,C) is of length > n, then 
C\x^(„^ — 2^*|x^(„) with i a suitable integer. 

Proof. We will prove by induction that, under our assumptions and for any n' , 1 < n' < n — 1, 
the Ox-module H^(X^(„/_|_;^-)_]^, is of length n'. As a result, the canonical map 

}i^{X, C) — )■ H^(X^(„)_i, >C|x^,,(,jj_ J is not bijective (here if n = 1, we define by convention that 
Hi(Xo,£|xo) = 0). Hence the Corollary [222] provid es an integer m > Tp{n) — 1 such that 
C\xm — — where n is the integer appearing in Corollary 12.1.41 Since ^p{n) < m, the 

Corollary follows. 
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We begin with the case where n' = 1 (hence n > 2). By Lemma [2.0.2l either the O/^-module 
}i^{Xi, C\x-i) is of length 1, which is equivalent to saying that C\xi — Ox^, or iV-{Xi,C\xi) is 
trivial, and in this case, the natural morphism 

R\X,C) ^'ii\Xi,C\x,) 

is not bijective. By Corollary 12.2.21 there is then an integer m > 1, such that C\x„i — = 
ijJx/s{Xm)\xm- Hence C\xi — ^^m\xi is a power of I\xi (Corollarv I2.1.4p . Thus, in both cases, 
we have jC\xi — ^\xi ^'-'^ some suitable integer i. Moreover, for m an integer such that 1 < 
m < ip{2) — 1, the canonical morphism Pic^{Xm) — > Pic'^(Xi) is bijective (see Corollarv I2.1.9p . 
hence jC|xm — -^\xm' ^(^) ~ ^(^) + di = 1 + di, and by definition, there exists a unique 
integer m such that 1 < m < ip{2) — 1, and C\x^ ~ <^m- Hence, by Lemma 12.2.11 we find that 
the Ox-module H^(X^(2)-i) 'C|x^(2)„i) is of length 1. Suppose now that the above assertion has 
been verified for 1 < n' — 1 < n (with n' < n). Under the assumptions of the Lemma, the map 

B^{X,C) H^(X^(„/)„i,/:|x^(„,)_J 

is not surjective. Hence, there exists an integer m > ip{n'), such that >C|xm — ^m, and so 
— 2^3c^ , for < i < dn'- On the other hand, since -(/^(n' + 1) = ^lJ{n') + dn> (see 
(dni)), there exists a unique integer m such that ip{n') < m < ^p{n' + 1) — 1, and C\x„^ — ^m, 
in particular, the Ox-module {X^(^n'+i)-iT^\x^^„,^-i~^_j) is of length n'. This finishes the 
induction, and hence also the proof of the Corollary. □ 

2.3 Numerical studies 

We maintain the notation of Remark 12.1.61 In particular, f : X' ^ S is the proper minimal 
regular S- model of = Pic^^/^- According to [H], Theorem 3.8, there exists a morphism of 
Ox-modules 

Tx: BHx,Ox)^ii\X',Ox') 
which extends the natural isomorphism over the generic fibre. Moreover, its kernel is the torsion 
part of H^(X, Ox) ([II]) 3.1 a)), and the Ox-modules ker(Tx) and coker(Tx) have the same 
length. In this section we give an estimate for this length. 
By duality, we obtain the following map 

r^: hO(X',^x75) ^ {ilHx',Ox'))^ ^ {H\X,Ox))^ ^B'^iX^ojx/s)- 

On the other hand, there is a canonical isomorphisms fiojx'/s — fif'*^ — ^ (see Corollary 12. 1.51 
with oj defined via the S'-section of /' associated with the identity element of X'j^). Hence we 
get following canonical map: 

T^-.uiS) R\X',u;x'/s) ^ ii'iX,iVx/s) = f*^x/siS) 

which is injective, but not an isomorphism in general. Since S is affine, also corresponds to 
an injective morphism of sheaves, again denoted by : 

(17) t)^: uj ^ f^ujx/s- 

which gives by adjunction the following non zero canonical morphism of sheaves on X: 

V' r* 
Tx ■ J ^ ^ ^X/S- 

Since is an isomorphism on the generic fibre Xk of X, the same holds for r^'. Under the 
identification given by the restriction of to Xk, /*(w) and ujx/s are naturally identified with 
two Ox-submodules of ujxk/k ■= {^x/s) \xk- 
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Lemma 2.3.1. We have ijOx/s — f*(j^®1- ^ for a suitable non negative integer x, cls suhmodules 
of ojxk/k- Moreover, [x/d\ is the length of the torsion part oflA^{X,Ox)- 

Proof. Since f*oj is invertible and the scheme X is regular, the generically injective morphism 
is automatically injective. By tensoring both sides with w^f/s' S^t an invertible ideal 
sheaf 

J := f*uj)®uj'^^ig ^ Ox- 

The closed subscheme V{J) of X defined by J has support contained in Xg. Moreover, the 
intersection numbers V{J) ■ Ci = for any irreducible component Ci of Xg (Lemma 12.1.3^ . 
Hence the effective divisor V{J) X is a multiple of = Xi = V{X) ^ X. So one can find 
some non negative integer x £ N such that J = f*uj ® w^^^ = T^. In other words, we find 
the following identification oox/s — f*^ as submodules of l^XkIK- This proves the first 

assertion. Under the latter identification, the morphism r^' is then obtained from the canonical 
map: Ox ^ after tensoring both sides by f*io. Hence the morphism in (jl7p can now 
be described as the following composition: 

: ^ - /*/*^ = f*{f*u; Ox) ^ /*(/*a; Z"'^) = f.u^x/s, 

where the first isomorphism is just the adjunction map, and the third is induced by the canonical 
injection Ox ^ Hence, under the canonical identification, by using the projection formula 

f,{f*u;^I-^)^UJ(i^f,{l-^), 

the morphism is obtained from the canonical map Os = f*Ox f* {X~^) after tensoring 
by the invertible sheaf oj. Now if we identify these two sheaves as O^-submodule of fK.*Oxi^ = 
C'gpec(i^) (here fx is the generic fibre of /), we have /* = tt~^^/^Os C Cspcc(K)- Indeed, 

if we write f^{I~^) = 7r~^ Os for some non negative integer r, then r is the largest integer r' 
such that TT"'" Os C /*(I~-^). But this last inclusion is equivalent to the inclusion 

f^TT-'-'Os) =1"'^''' Cl-^, 

hence is also equivalent to the condition —dr' > — x, namely r' < x/d- The maximum of the 
possible r' is then given by r = [x/c?]? and thus we obtain /*(X~^) = tt~^^/'^'^Os- Hence, if we 
identify co and f*ujx/s &s Os-submodule oiujK = "^^Og C'spec(/<)) the injection pT|) gives us the 
following equality inside lok- f*{'-^x/s) = 

As a result, we find that coker(r^) and the 
torsion part of H^(X, Ox) are both of length [x/d\- D 

Proposition 2.3.2. In the foregoing notation, one has 

(18) X = d[{l- l/d) + A:o(l - 1//) + • • • + kr-i{l - l/p)] , 
where the ki are the integers introduced in Lemma \2.1.1(A 

Proof. By Lemma 12.1.101 we have (j){mr) = 1 + A;o + ' ' ' kr-i, and for n > rur, we have (j){n) = 
<j){n — 1) + 1 if and only if n — is a multiple of d = d'p'' . In particular, if we write nrij. = hd — a 
for non negative integers /i, < a < d, we have (t){mr) = 4>{hd). Let M = R^/^,C)x, and 
7~ C be the torsion subsheaf of M.. Consider £ = M/T, which is free of rank 1 over S. We 
have R^f^Ox„^ = RV* (Ox/vr"Ox) ^ RV*(Cx„J = M/t^^'M. Hence, for n>h, the length 
of M./tt'^M., i.e., (I){nd), increases by 1 with n. This means that T is killed by vr^, and that 
liM/TT^-M) = £{T) + liC/ir"-/:). In particular, if we take n = h, we get 

(19) (pinir) = (pihd) = e (rV,Ox,J = £ (tw/vt'^tw) = e{T) + h. 
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On the other hand, ujm^ = I ^^'^"^''Mx^ is the trivial invertible sheaf, and since Xlv is of 
order d, there exists an integer a such that x + '^r = ctd. Hence x = (a — h)d + a, and we 
have i{T) = [x/d] = a — h. Thus, (by using the equahty (fT9l) and Lemma r2.3.ip . we find that 
i{T) = [x/d] = a — h = (j){mr) — h. Hence a = (j){mr), and 

X = (j){mr)d — rrir 

= (1 + /co + • • • + kr-i)d - (1 + kod' + ■■■ + kr-id'f-^) 
= d[{l- l/d) + A:o(l - l/f) + ■■■ + kr-i{l - l/p)] . 

□ 

Corollary 2.3.3. The following conditions are equivalent: 
(i) X/S is cohomologically flat (in dimension 0). 
(ii) x<d. 
(Hi) r = 0. 

(iv) I\xi is of order d. 
Moreover, if these conditions are satisfied, we have x = d — 1. 

Proof. The 5-scheme X is cohomologically flat if and only if T, the torsion subsheaf of f^Ox, 
is trivial, i.e., if and only if £{T) = [x/d] = 0; the latter assertion is equivalent to saying that 
X < d, hence (i)<;=^>(ii). The equivalence between (iii) and (iv) comes from the definition of r. 
On the other hand, if r > 0, then by definition of the integers ki, we must have ki > for 
i = 0,1, ■ ■ ■ ,r — 1. Hence by (jlSp . x < d ii and only if r = 0. This gives the equivalence between 
(ii) and (iii), which completes the proof. □ 

Remark 2.3.4. 1. Once the above equivalent conditions are verified, we say that the torsor 
Xk is tamely ramified; otherwise, we say that the torsor Xk is wildly ramified. Hence, by 
Lemma I2. 1.81 if {d,p) = 1, the torsor Xk is automatically tame. The converse is not true 
in general (cf. [16], Remark 9.4.3 d)). 

2. We refer to Corollary 13.4.51 for more equivalent descriptions about the tameness by using 
the Picard functors. 

3 Filtrations and comparison of the pro-algebraic structures 

Let n > 1 be an integer. We have a canonical morphism of groups Pic (X) ^ Pic°(X„). In this 
way we obtain a filtration on the group of S'-points of the Picard functor Pic^^^(S') = Pic^(X). 
On the other hand, the group J{S) of the S'-points of the identity component J of the Neron 
model of the elliptic curve Pic^^^^ is naturally filtered by the powers of vr (i.e., the filtration 
given by the canonical morphism of groups J{S) — >■ J{Sn) where Sn = Spec((!?/</7r"C'i<-)). The 
reader should bear in mind that Xn denotes the closed subscheme of X defined by the ideal 
sheaf I and that I'^ = nOx- The aim of this section is to study the relation between these two 
filtrations with respect to the natural morphism of sheaves q: Pic^^^ — )■ J in (HOD . The result can 
be stated in a satisfying form by using the Greenberg realization functors (see Theorem 13. 4. 3p . 

For this construction, we shall make intensive use of the notion of dilatation of a group 
scheme. We recall this construction briefly (see [5], § 3.2, for more details). Let H he a smooth 
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5-group scheme of finite type, W ^ Hg & smooth subgroup scheme over k. Denote by J the 
ideal sheaf oiW ^ H. Let us denote by BI\y{H) the blowing-up of H along the center W ^ H. 
Then, by definition, the dilatation of H along the center W ^ H is the largest open scheme 
H' C Blw{H) such that the ideal JOh' C Oh' is generated by vr. According to [5], 3.2/3, H' is 
a smooth 5-group scheme, satisying the following universal property: let Z he a flat S'-scheme 
and v: Z —?■ H a morphism of S-schemes such that its restriction to special fibres, Vg- Zg ^ Hg, 
factors through W ^ Hg, then there exists a unique 5- morphism v' : Z ^ H' rendering the 
obvious diagram commutative. 

In order to simplify the presentation, for the rest of the section we will use the following 
notations: let re < m be two non-negative integers, possibly m = oo, and denote by pt'^''"] the 
kernel of the canonical morphism of functors Pic^ — )• Pic^ ^g. Here, we set Xc^ = X and 
{0}, the final object in the category of abelian fppf-sheaves on S. Furthermore let 



pH ._ p[?i,oo] 



ker(Pic° 



x/s 



Pi4„/5) 



p[0,n] 



^^^x„/s- 



In particular, pl^'l = Pic^^^. For any integer re > 1, we define by induction a smooth 5-group 

scheme j'"^ as the the dilatation of along the unit element of the special fibre of j]" 

(here, := J). According to the universal property of dilatations, for any n € Z>o, we have 
the following exact sequence: 

(20) ^ jl"l(5) ^ J(5) ^ J(5n) ^ 0. 

Hence we get a commutative diagram with exact rows: 



0- 



JM(5) 



J(5) 



JiSn 



J(5, 



n—l I 



From this it follows that the canonical morphism of abstract groups 

<5 : j["-^l(5i) ~ coker(jW(5) ^ j["-il(5)) ^ ker( J(5„) ^ J(5„-_i)) 

is an isomorphism, where for the first identification one applies (|20|) with on place of 

J and re = 1. Moreover, from the diagram given above, we obtain the following commutative 
diagram 



(21) 



0- 



j["-il(5) 



J(5) 



■AS, 



n—l I 



■0 



j["-il(5i) 



J{Sn- 



3.1 Pro-algebraic structures 

Recall that, in this paper, a pro-algebraic group over k is a pro-object in the category of /c-group 
schemes of finite type (see § II. 2p . The aim of this subsection is to show that, with the help of 
Greenberg realization functors, the mor phism q: Pic°(X) ^ J(5) is pro-algebraic in nature. 

Let re > 1 be an integer. Consider Gr(P[„]) the Greenberg realization of the Picard functor 
P[„] = Fic^x„/s ( §1-2. ip . The natural morphism of functors P[n+i] P[n.] induces a morphism 
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of smooth /c-group schemes a„: Gr(P[„_j_i]) — )• Gr(P[„]). Thus we obtain a pro-algebraic group 
over k (in the sense of § II. 2p 

Gr(Pic^/5) :={(Gr(P[„]), «„)}„>!. 

Moreover, in view of the following Lemma, which follows from |10] and Corollary I2.1.9| we know 
that this pro-algebraic /c-group is pro-smooth. 

Lemma 3.1.1. Maintain the previous notation. Then, the morphism an is a smooth and sur- 
jective morphism of smooth connected k-group schemes. Moreover, either On is an isomorphism, 
in which case, we have (j){n + l) = (t){n), or ker(an) is a k-vector group of dimension 1, in which 
case we have 4>{n -|- 1) = (/)(n) -|- 1. 

On passing to the projective limit of the associated perfect group schemes Gr(P[„]) and using 
the fact that 

Pic°(X) = limPic°(X„,) = lim Gr(P[„])(A;), 

we get a pro-algebraic structure in the sense of Serre on the group Pic^y^(5) = Fic^{X). We 
will denoted the pro-algebraic group so obtained by 

Pic°(X) :=nmGr(P[„]). 

Similarly, since PW(5) = ker(Pic*]^/5(5) ^ PfnK'S')), we find that the group PW(5) can also 

be endowed with a pro-algebraic structure in the sense of Serre, denoted by p["'](S). Thus we 
obtain a decreasing filtration of Pic^{X) by its sub-pro-algebraic groups: 

(22) ••• CP["+^](S) C p["](S) C ••• C PW(5) C PM(S) = Pic°(X). 

Secondly, from the 5-group scheme J, we can construct a pro-smooth pro-algebraic /c-group 
{(Gr„( J), /3„ )}„>!, and hence a pro- algebraic algebraic group in the sense of Serre 

J{S) := Gr(J) = l^Gr„(J) 

whose group of A;-points is J{S). Moreover, the canonical map J{S) = Gr(J)(A;) — )■ Gr„(J)(A;) = 
J{Sn) is also pro-algebraic in nature, hence its kernel can also be endowed with a pro-algebraic 
structure. This last pro-algebraic group, according to the short exact sequence ([20]) . is just the 
sub-pro-algebraic group J^'^\S) C J{S) induced by the canonical map of S'-group schemes 
jW _). j_ In this way, we also obtain a decreasing filtration of J{S) by its sub-pro-algebraic 
groups: 

(23) ••• c c J["](5) c ••• c JW(5) c J[°](5) = J{S). 

On the other hand, for each integer n > 1, the morphism q: Pic^^^. — t- J induces a morphism 
of functors Pic^^^. >^s Sn = P[nd] Sn ^ J xs Sn, hencc a morphism of algebraic A;-groups: 

Gr(P[„,]) ^ Gr„(J). 

In particular, we obtain a morphism of pro- algebraic groups: 

(24) Gr(Pic^/c;) = {(Gr(P[„]), a„)}„>i ^ {{Gin{J), M}n>i = Gr( J). 
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In this way, we discover that the canonical morphism q: Pic (X) — )• J{S) is the morphism on 
fc-rational points induced by a morphism of Serre pro-algebraic groups: 

(25) q: Pic°(X) ^ J(5). 

In fact, we can be more precise in comparing the two filtrations (I22p and (j23|) . The main result 
of this section (see Theorem 13. 4. 3p says that the above filtrations are compatible via q and, this 
fact suggests that the morphism q should be thought as an analogue of the norm map studied 
by Serre in [19]. In order to explore the compatibility between the two filtrations, we start by 
proving a useful result on the length of torsion sheaves. 

3.2 A result on intersection theory 

The results of this section hold for Ok any discrete valuation ring; as usual we denote by S 
its spectrum and by s the closed point. Moreover, for a torsion coherent sheaf defined over the 
spectrum of a discrete valuation ring, we denote by i{A4) the length of A4. 

Proposition 3.2.1. Let Z be a smooth S-scheme of finite type with ^ a generic point of its 
special fibre Zg. Let a: S —?■ Z be a section of Z/S such that x = a{s) G {^} C Zg. Let A4 
be a coherent torsion sheaf over Z, whose support Supp(7W) is purely of codimension 1 in Z . 
Suppose that M. is of length £ at S,, and that a{S) ^ Supp(A^). 

(1) We have i{a*Ai) > i, with equality if and only if the following conditions are satisfied: 
the support of A4 at a{s) is contained in Zg and M. is Cohen- Macaulay at a{s). 

(2) Suppose furthermore that the support of A4k on Zk is not empty, and let Hk = 
Supp(A^j^)i.ed with H = Hk C Z its schematic closure in Z (which is a relative effective divisor). 
Suppose moreover that x = a{s) G Hg. Let C, be the generic point of an irreducible component 
of H passing through x. Then t{a.*M.) > l + l. Moreover, if the equality l{a*M.) =1+1 holds, 
then (a) Ai is Cohen- Macaulay at x; (b) H is regular at x, and A4 is of length 1 at C,; (c) H 
cuts a{S) transversally at x. 

Before proving this result consider the following technical Lemma. 

Lemma 3.2.2. Let Z = Spec(A) be a local noetherian regular scheme of dimension 2, and 
A4 a torsion coherent Oz-niodule such that Supp(A^) is of dimension 1. Let Hi,-- - ,Hn be 
the reduced irreducible components o/Supp(7W). Denote by the generic point of Hi, and by 
ti the length of over Oz,^i ■ Let finally f £ A be an element, which is part of a system 
of regular parameters of A, such that Z\ := V{f) C Z is not contained in Supp(A4). Then 
i{M/ fAi) > Y17=i^i' ''^'^th equality if and only if the following conditions are satisfied: (i) for 
each i, the scheme Hi is regular, and cuts Z\ transversally in Z; (ii) the Oz-module A4 is 
Cohen- Macaulay. 

Proof. Remark first that a coherent O^-module M with one dimensional support is Cohen- 
Macaulay if and only if N has no embedded associated points. Indeed, suppose first that has 
no embedded associated points. Let • • • C A be the minimal ideals of the support of N , 
and let / € ttia \ U (where rriA C A is the maximal ideal) . Then multiplication by / provides 
an injective map (Corollary 1 of Proposition 7, Chapter I, § B |20j ) 

M ^ M, f - n 

Hence, the maximal M-sequence of M has at least 1 = dim(A/') element, which implies that M is 
Cohen-Macaulay (Definition 1 in § B.l [20]). The converse statement follows from Proposition 
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13 of § B.2 in [20]. In order to prove the Lemma, we use induction on n. Let us begin with the 
case where n = 1. Denote by ^ = the generic point of Supp(M)i.ed = Hi = H, and hy i = ii 
the length of M at ^. Hence, has a filtration by O^^^-submodules: 

= A^^^o c TWg^i c • • • c M^^e = M^, 

where the successive quotients are isomorphic to We then define Mi as the inverse image 

of M^^i via the canonical map A4 — )• M^, thus obtaining a filtration on A4: 

M-i := c Mo c Ml c ■ ■ ■ c Mi = M. 

In general, Mq ^ 0, and it is trivial if and only if M has no embedded associated points. For 
each i > 0, let Cj = Mi/Mi-i, which has no embedded associated point by definition whenever 
i > I. Moreover, Ci^^ ~ M^^i/M^^i-i, hence Co,^ = and for i > 1, we have Cj^g ~ ^(0- 
particular, if i > 1, we have Ci ^ with schematic support equal to H = Supp(7W)i.cd- Indeed, 
we only need to show that the schematic support Supp(Ci) = V{Ann{Ci)) is reduced. Since 
Ci^^ ~ k{S,), Supp(Cj) is reduced at ^, hence it is generically reduced. Furthermore, since 
has no embedded associated points, so too is the scheme Supp(Cj). So Supp(Ci) is reduced, and 
hence is equal to H as subscheme of Z. On the other hand, for i > 1, since the O^-module Ci has 
no embedded associated points, and Zi = V{f) is not contained in H, the map "multiplication 
by/": 

Ci ^ Ci, X I— > / • X 
is injective for i > 1. From this, we get a filtration of M/ fM: 

c Mo/fMo C Mi/fMi C • • • C Me/fMe = M/fM, 

where for each i > 1, the quotient of Mi/fMi by Mi-i/ fMi-i is isomorphic to Ci/fCi which is 
non zero since Ci / 0. As a result, i{M/ fM) > i. Moreover, 1{M/ fM) = I, if and only if the 
following two conditions are realized: (a) Mo/fMo = which means Mo = by Nakayama's 
lemma; (b) for each i {1 <i < t), the O^-module Ci/ fCi is of length 1 over Oz/ fOz- 

Now, suppose that (.{M/fM) = i, or equivalently that the conditions (a) and (b) above 
are verified. We will prove that M is Cohen-Macaulay, and the schematic support H of Ci is 
regular and cuts the subscheme V{f) ^ Z transversally. In fact, condition (a) implies that the 
O^-module M has no embedded associated points, in particular, is Cohen-Macaulay. On the 
other hand, suppose that Ann(Cj) = (g) C A (hence H is defined by the equation g = in Z), 
and let c G Cj be such that c ^ fCi. Condition (b) together with Nakayama's Lemma imply that 
the O^-module Ci is generated by c. The morphism Oz Ci = Oz • c defined by A i—)- Ac is 
then surjective, with kernel the ideal (g) = Ann(Cj) = Ann(c). Therefore, Oz/{g,f) — Ci/fCi 
is of length 1 over Oz/fOz- Hence Supp(Cj) = Supp(7V()rcd = H = V{g) is regular and cuts 
V{f) Z transversally. Conversely, suppose that M is Cohen-Macaulay and that the scheme H 
is regular and cuts V{f) ^ Z transversally. In particular, M has no embedded associated point, 
which implies that A^o = 0, whence condition (a) holds. Moreover, since H = Spec{A/gA) is 
regular of dimension 1, A/gA is a principal ideal domain. Therefore, the Oh = Oz /gOz-^odule 
Ci is free of rank 1. Hence, 

£{C,/fC,)=e{A/{f,g)) = l 

since H = V{g) ^ Z cuts V{f) ^ Z transversally. In this way we get condition (b), which 
completes the proof of the Lemma in the case n = 1. 
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Suppose now that the assertion of the lemma has been verified for n — 1 > 1. Let M' C A4 
be the sub-module defined as the kernel of the following map 

n 

i=2 

with Li : Spec(/c(i^j)) — ?• Z the canonical map and define A4" by the following exact sequence: 

^ M' M ^ M" 0. 

Then A4" has no embedded associated points (and so is Cohen-Macaulay) and has support 
U^2-^i; while M' has support Hi. One then has the following exact sequence (since A4" 
Cohen-Macaulay and V{f) ^ Supp(7W")): 

^ M'/fM' M/fM M"/fM" 0. 

Hence, we have £{M/fM) = i{M'/fM') + l{M"/fM"). Moreover, by the definitions of M' 
and M" , we have 

M'^^ ~ M^-^ , and M'l^. ~ for i = 2, • • • , n. 
By applying the induction hypothesis, we get 

n n 

£{M/fM) = £{M'/fM') + £{M"/fM") > i{M'^J + = E^*' 

i=2 i=l 

with equality if and only if £{M'/fM') = £i, and £{M"/fM") = YA=2^i- In ot^ier words, 
equality holds if and only if (a) ^A\ Ai" are Cohen-Macaulay, and (b) the subschemes Hi are 
regular cutting Zi transversally in Z. Since A4" is already Cohen-Macaulay, condition (a) is 
equivalent to saying that Ai is Cohen-Macaulay. This completes the proof of the Lemma. □ 

Proof of \3.2.1[ Since a: S* — )• Z is a section of Z/S, there exist elements /i, • • • , fd of Oz,x which 
generate, together with vr, the maximal ideal of Oz,x and a{S) = V{fi, • • • , fd) ^ Z. Up to 
replacing Z by its localization at x, we may assume that Z is the spectrum of a regular local 
ring of dimension d + 1. In particular Zg = is regular and irreducible. We will prove the 
Proposition by induction on d. The case d = 0, i.e., S = Z , is trivial. We start illustrating the 
case d = 1. In this case, Z is a 2-dimensional local regular scheme, with Ai a torsion coherent 
module on Z. When £ = 0, the conclusion of (1) is clear since in this situation, we always have 
i{a*Ai) > £ = 0, and an equality means that x ^ Supp(A^), or equivalently, Mx = 0. In fact, 
here we have M = since x ^ Z is the only closed point of the local scheme Z. To finish the 
proof of (1) for d = 1, we may assume that £ > 1. Since ^ S Supp(AI), the closed subscheme 
Zg = {£,} C Supp(7\4) is one of the irreducible components of Supp(AI) in Z. Now by applying 
Lemma l3.2.2( we get £{a*Ai) > £. The equality holds if and only if Zg is the only component of 
Z, Zg cuts a{S) transversally in Z and A4 is Cohen-Macaulay at x. We now consider assertion 
(2). By assumption, Supp(A^) is the union of the one dimensional subscheme H with, possibly, 
Zgif£> 0; hence £{a*M) >£+l. lf£{a*M) = £+1, on applying Lemma [3X2] once again, we 
see that M. is Cohen-Macaulay at x, the subscheme H C Z is irreducible, regular and cuts a{S) 
transversally at x. Moreover, Ai must have length 1 at the generic point of H. This proves (2), 
and hence the Proposition, for d = 1. 

For the general case, denote hy Zi ^ Z the closed subscheme defined by the ideal (/i), by 
^1 the generic point of Zi^g and by Aii the pull-back of A4 to Zi. Then Zi is a regular local 
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scheme of dimension d, which is not contained in the support of A4. In particular, Mi is again 
a torsion coherent sheaf on Zi. The morphism a: S Z factors through Zi ^ Z, and we 
denote by ai : S" — t- Zi the morphism obtained in this way. In particular, a*A4 ~ a^Mi and 
a{S) 2 Supp(Ali). Hence, in order to prove the first assertion of (1), we only need to verify 
that the module A4i is of length > ^ at and then apply the induction hypothesis. To see the 
inequality i{^Al^^-^^) > i, since 



subscheme S]3ec{Oz,(i/ fiOz,(i) ^ Spec(C'^,^J =: Z is of length > i. By definition, ^ € is 
contained in the special fibre Zs of Z, and A4 has length I at Zg. Hence, we need only apply 
Lemma 13.2.21 to the two dimensional regular local scheme Z to get the conclusion. We can also 
summarize the previous arguments by the following relations: 



Next, we examine the condition £(a*A4) = i. By (j26p . we have i{a*A4) = £ if and only if 
(a) e{M/fiM) = e{M^) = e, and (b) £{Mi,^,) = e{alMi). Consider the conditions (a'): M is 
Cohen-Macaulay having support contained in Zg at and (b'): Mi is Cohen-Macaulay, with 
support contained in Zi^g at x. On applying the induction hypothesis to the torsion module 
A^i on the d-dimensional scheme Zi, one checks immediately that condition (b) is equivalent 
to condition (b'). Furthermore on applying the induction hypothesis to the torsion module 
M = M\spcc{Oz n^) °^ 2-dimensional local scheme Z = Spec(O^^gj), and since Z is the 
localization of Z at the point .^i € Z, we find that conditions (a) and (a') are equivalent. Hence 
£{a*M) =iif and only if (a') and (b') hold. 

Now, we proceed with the proof of the second part of (1). Suppose first £{a*M) = i, 
or equivalently, that the previous conditions (a') and (b') hold, and prove that M is Cohen- 
Macaulay with support contained in Zg at x. We first claim that the multiplication by fi on M 
provides an injective map. To see this fact, let M' be the submodule of formed by the elements 
killed by a power of /i, and let M" = M/M'. By definition, Supp(A^') C Zi nSupp(A^), which 
is hence of codimension at least 2. By definition of M" , the multiplication by fi on M" is an 
injective map, hence the canonical map 



is injective. On one hand, condition (a') above implies that ^ Supp(A4') (since Supp(A4') C 
V{fi) riZg = Zi^s C Zs and M is Cohen-Macaulay at by (a')), hence 6 ^ Supp{M' / fiM'). 
In particular, Supp{M' / fiM')riZi^s £ -^1,5 • On the other hand, condition (b') and the injection 
([27|) imply that the support of M' /fiM' is contained in Zi^s- Hence M' / fiM' = 0, and then 
M' = by Nakayama's Lemma. As a result, the multiplication by fi on M is injective. Moreover 
the quotient sheaf Mi = M/ fiM is Cohen-Macaulay of dimension d — l = dim(Zi) — 1 by (b'), 
hence also M is Cohen-Macaulay. To see that the support of M is contained in Zs, suppose 
Supp(A^) contains a component T different from Zs at the point x. Since we have shown that M 
is Cohen-Macaulay at x, it follows that T is also of codimension 1. By condition (b) above. Mi 
has support contained in Zi^g at x. So TnZi C Zi^s which is in fact an equality of sets for reasons 
of dimension. As a result, one finds that E F, which means that Supp(7W) has at least two 
components (of codimension 1) at ^i, but this is impossible because of the condition (a'). This 
proves that M is Cohen-Macaulay with support contained in Zs at x. Conversely, suppose M 
is Cohen-Macaulay with support contained in Zs at x. We must prove that i{a*M) = i. First 




(26) 



£{a*M) = i{alMi) > £{Mi^^,) = l{M/fiM) > i{M^) = £{M^) = £. 



(27) 



M'/fiM' M/fiM = Ml 



22 



of all, this condition implies in particular that A4 is Cohen-Macaulay with support contained 
in Zs at .^1, namely condition (a') holds. To complete the proof of (1), we only need to show 
that condition (b') also holds. It is clear that the support of A^i is contained in Zi^g, so we 
need only verify that Mi is Cohen-Macaulay. Since Zi^g = Supp(Ali) has dimension equal to 
dim.{M) — 1, Ml is also Cohen-Macaulay ( |20j Chapter IV § B.2, Proposition 14). This finishes 
the proof of (1). 

To finish the proof of (2), since this is a local question for the etale topology on S, we may 
assume that S is strictly local, in particular the residue field is an infinite set. This implies that 
the residue field k{x) of Z at x is also infinite. Since k{x) is an infinite field, up to replacing fi by 
/1 + A/2, for a suitable A G O*^ ^, we may assume that Zi^g ^ Hg, so that Hi s = HgCiZi^s ^ -Z^i.s 
is of codimension 1 in Zi^g (where Hi := H Ci Zi). 

As we have seen in (f26]) . Mi has length > £ at ^1. Since x G Hi s, on applying the induction 
hypothesis to Zi, we find that 

(28) lia*M) = iialMi) > i{Mi^^,) + l>i+l. 

This proves the first assertion in (2). From now on, we suppose that l{a*M) = £ + 1. According 
to ([25]), we get £{a*M) = iialMi) = £ + 1, and is of length £ at 6- By the induction 
hypothesis, we have (i) -ffi^rcd is irreducible and regular, and moreover ai{S) cuts Hi transver- 
sally in Zi at x; (ii) Mi is Cohen-Macaulay at x in Zi, and if we denote by (i G Hi the generic 
point of Hi, then Mi is of length 1 at ^1. Denote by Z' the localization of Z at (i, and by M' 
the inverse image of M by the canonical morphism Z' Z. Then, M' / fiM' is of length 1 
over Oz' / fiOz' ■ Hence, on applying Lemma [3.2.21 to the torsion module M\spec{Oz i;-^) 
two dimension regular local scheme Spec(C'^^^j) we get that H is regular at Ci, and it cuts Zi 
transversally at ^1. Moreover, M is Cohen-Macaulay with support contained in H at ^1, and M 
is of length 1 at the generic point of H. Using now the fact that Hi = H nZi is irreducible, we 
find that H itself must be irreducible, since otherwise, H would have at least two components 
at Ci- Therefore, Hi is generically reduced. But Hi is a divisor inside a regular scheme Zi, 
hence Hi is Cohen-Macaulay and thus Hi is reduced. By assertion (i), we find that H is irre- 
ducible and regular, cutting Zi transversally at x inside Z. Now we need only verify that M is 
Cohen-Macaulay on Z. By (ii), we need only show that M has no embedded associated points. 
Denote by M' the biggest quotient without embedded associated points of M, and denote by 
M the O^-submodule defined by the following exact sequence 

O^M ^M^M' ^0; 

we have the short exact sequence 

^ M/fiM M/fiM N'/fiM' 0. 

According to Nakayama's Lemma, to complete the proof, we need only show that Af/fiAf = 0. 
By definition, Supp(7\A') = Supp(7V4), and £{M'^ = £[M^) = I. Hence, according to the first 
part of (2) (which has already been proved), we have £{a*M') > £ + 1. On the other hand, there 
is a surjection a*M — >■ a*N' , whence we have i + 1 = i{a*M) > (.{a*M'). As a result, we 
have i{a*Af') =1+1. Hence the O^-module M' again satisfies the assumptions of the assertion 
(2) of this Proposition: On applying what was proved a few lines above to the torsion sheaf M' 

in place of M, we get £ ((AA7/iAA')^J = 1, and £ ((A^V/iA^Oa) = ^- ^ence {J\f/fiJ\f)^, = 
{M / fiM)^-^ =0. As a result, the support of M / fiM is of dimension < d — 2. But we have seen 
that Ml = M/ fiM is Cohen-Macaulay with support Hi U Zi^s of dimension d — 2, hence we 
must have M/fiM = 0. This completes the proof. □ 
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3.3 Preliminaries on the comparison between the pro-algebraic structures 

The aim of this section is to show that the canonical map of sheaves q: Pic^^^^ — )• J in (|10p 
induces, for each n > 1, a morphism of smooth algebraic /c-groups 

(29) Qn-. Gr(P[^(„)]) = Gr(Pic^^^^^/s) ^ Gr„(J), 

and that the maps qn are compatible in the evident way. 

Let n > 1 be an integer. We have seen in § 13.11 that there exists a morphism of sheaves 
Pic^ ^^g^ — 7- J X5 Sn- In this way we get a morphism of smooth algebraic fc-groups 

(30) g;:Gr(P[„,])^Gr„(J). 

Since ij){n)<nd (cf. § 12. 2p . there is a canonical morphism of smooth algebraic fc-groups 

Gr(P[„d]) ^ Gr(P[^(„)]). 

So, in order to prove the existence of qn as above, it suffices to verify that the morphism in 
(j30|) factors as follows: 

Gr(P[,rf])^^Gr„(J) 

..■■■'qn 
Gr(P[^(„)]) 

On the other hand, since the morphism of algebraic fc-groups Gr(P[„^]) Gr(P[^(„)]) has smooth 
kernel (see Lemma l3.1.ip and k is algebraically closed, we need only check the factorization on 
the level of k -points. Since the maps Pic''(X) — > Pic'^(X[^(„)]) = Gr(P[^(„)])(/c) are surjective, 
the verification is reduced to proving the existence of the following factorization: 

PicO(X)^-PicO(X^(„)) 
q \ qn 

J{S) J{Sn) 

where we again denote by q^ the map induced by (j29p on /c-points. With the help of the rigidified 
Picard functor we will establish this factorization via induction on n. 

3.4 Comparison of the pro-algebraic structures 

In the following discussion we fix a rigidificator Y ^ X of the relative Picard functor Ficx/s^ 
and for simplicity, we denote by G = (Picx/5, ^)'' the identity component of the rigidified Picard 
functor of X/S along Y/ S. As usual J denotes the identity component of the Neron model of 
Pic^^^^ over S. According to Proposition 3.2 in [11], G is representable by a smooth separated 
S'-group scheme. Consider the canonical morphism of S'-group schemes r: G = (Pic^/s,^)'^ 
Pic^y^ (recalled in § II. ip . which is surjective for the etale topology. Let H be the schematic 
closure of ker(r/^) C Gk in G. It is a fiat S'-group scheme of finite type with smooth generic fibre, 
which is also the kernel of the canonical morphism 9: G ^ J (composition of r: G — > Pic^^^ 
and the epimorphism q: Pic^^^ — )■ J; see for example [16], 4.1, for the fact that ker(^) = H). 
Since 5* is strictly local, the morphism r induces a surjective map (still denoted by r) between 
the 5-sections: 

r: G{S) ^Pic°(X). 
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Let £ be the (rigidified) Poincare sheaf on X x G. For each n G Z>i, we denote by 

r„: ^PicO(X) -PicO(X^(,)) 

the composition of maps which sends e € G{S) to >Ce|x^(„) G Pic'^(X^(„-)), where >Ce is the 
sheaf(idx x These maps are ah surjective since Ok is strictly hensehan. 

Let pg- X X s G G he the projection onto the second factor, and consider the the object 
UpG,*^ in the derived category of C'5-modules. It is well known that this complex is quasi- 
isomorphic to a perfect complex of perfect amplitude contained in [0,1], i.e., locally for the 
Zariski topology on G, Rpc,*^ can be represented by a complex 

^ jrO " ^ jrl ^ . . . 

with J^* (i = 0, 1) locally free OG-modules of the same rank (EGA SI 6.10.5). The cokernel A4 
of u gives the Oc-module R^pc,*^, and for any section e: S — > G of G/S, the pull-back e*A4 
is given by the cohomology group H^(X, On the other hand, for L an invertible sheaf of 
degree on Xk, H^^Xk^L) 7^ if and only if L ~ Oxk- Therefore, the morphism u above is 
injective and det(it) 7^ 0. Hence M is a torsion 0G-module which admits a resolution of length 
1 by locally free Oc-niodules. In particular, A4 is Cohen-Macaulay, with support Supp(7W) C G 
purely of codimension 1 satisfying the inclusion relations (of sets) H C Supp(7W) C H L) Gg- 

Lemma 3.4.1. Let notations be as above. Then Supp(7W) = H as sets. 

Proof. Let ^ be the generic point of Gs, and i the length of the Og, ^-module A4^. We will first 
prove by contradiction that i = 0. Suppose then i > 1. Let e € G{S) be a section of G, and 
let Ce = (idx X £)*£. According to Proposition 13.2. H the Ox-module }i^{X,Cs) - £*M is of 
length at least i >1. By Corollarv l2.2.3| this is equivalent to saying that Ce\x^ — ^^\xi with i 
a suitable integer. This last fact implies that the surjective homomorphism 

n: G(5) ^ Pic°(Xi), e^Celx, 

has finite image. However, this produces a contradiction since k is algebraically closed and so 
Pic''(Xi) ~ Pic^^^^(A;) is an infinite group. Therefore = 0. In particular, ^ ^ Supp(A^), 
which completes the proof of the Lemma since Supp(Al) C G is purely of codimension 1. □ 

Let us begin the comparison of the two filtrations defined in § 13.11 at the level n = 1. Since 
Xi/S can be defined over the closed point s of S, its Picard functor Pj^] = Pic^^^^^^^ can also be 
defined over s. Hence, by adjunction, the morphism of functors ri : G — ?• P^^j corresponds to a 
morphism of algebraic groups over the closed points s of S: 

ri,,: Gs P[i],, = Pic5f^/fc, 
which renders the following diagram commutative 

G ^ P[i] = ^*P[i],s 

i^G s 

Let X € Gs{k) be a closed point, e G G{S) a section lifting x and put Ce = (idx x e)*£. This 
is a rigidified invertible sheaf over X. Since Supp(A^) = H (Lemma 13.4. ip . one finds that 
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X = G Hs{k) if and only if the Oi^'-module e*M = H^(X, Cs) is of length > 1. Moreover, in 
view of Lemma [2 . 2 . 3 1 this last condition is equivalent to saying that JCe\xi — for a suitable 

integer i. In particular, the image ri^s{Hs{k)) is a finite set of P[i] ..(/c), and the kernel of ri^g 
is contained in Hg. Let Z be the schematic closure of the set of those points x G Gs{k) which 
admit a lifting e G G{S) such that Cs\xi — Oxi- By continuity of ri^g, the subgroup scheme 
Z C Gg is a union of irreducible components of -ffs.red- Denote by G'^J G the dilatation of G 
with center Z C Gs- By definition of Z, we have an exact sequence of smooth /c-group schemes 



(31) 







0. 



Moreover, according to the universal property of dilatations ([5], 3.2/1), we have the following 
short exact sequence of abstract groups: 



(32) 



^ GW(5) ^ G{S) Pic°(Xi) ^ 0. 



Consider now the morphism 6: G ^ J. Denote by G^^' the dilatation of G with center 
Hs,Ted = ker(^)s^red ^ Gg- Since Hg is the kernel of the canonical map Og-. Gg — )■ Jg, the 
universal property of dilatations implies that the following sequence is exact 



(33) 



^ gW'(S) ^ G{S) J{Si) 0. 



Since Z C Hg^j-cd is an open subgroup, gw is an open subgroup of G'^^ . From the exact 
sequences ()32p . ()33p . we obtain a morphism of groups qi: Pic^(Xi) — )■ J (Si) which makes the 
external square commute: 



GiS) 



GiS) 



■Pic°(X) ^Pic°(Xi) 
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AS) 



JiSi 



Moreover, from the fact that q o r = 9 and the surjectivity of r, the square on the right also 
commutes. The morphism of abstract groups qi is surjective (since all the other maps are), and 
has kernel generated by I\xi G Pic(^i) (see Corollary 12.2. 3p . Note that the diagram above fits 
also into a bigger commutative diagram 



(34) gW(5) 




On the level of pro-algebraic groups we have then shown that the morphism q in 
map 



(35) 



'?i:Gr(PicO /5)^Gri(J) 



induces a 



because, as we noted in ^3.31 it is sufficient to check the factorization on A;-points. 

In order to proceed with the comparison of the filtrations for higher n, let us denote by 
A^t^l (respectively by M^^^') the inverse image of M. over G^^l (respectively over gW) via 
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the morphism G^^'^ — > G (respectively via the morphism G^^'' — s- G). Let H^^^ (respectively 
ijt^l') be the schematic closure of Hk ^ G^' = Gk in G'^I (respectively in G^^^'). Then 
A^f^l (respectively A^^^' ) is a coherent torsion sheaf with support in H^^^ U G^}^ (respectively in 
ifl^l U ci^^ ), which admits a resolution of length 1 by locally free 0(^(1] -modules (respectively 
0(^(1]' -modules). In particular, since the schemes G^^^ and GW are regular, A4^^^ and Al'^^ are 
Cohen-Macaulay as modules. On the other hand, by the universal property of dilatations, the 
composed morphism G^^' — )■ G — )■ J (respectively G^'' — )■ G — > J) factors through jl^l — > J. We 
denote by ^[^1: G^^'^ — > jl^l (respectively by 9^^'^ : G^^l — )■ jl^l) the morphism obtained in this 
way. 



Lemma 3.4.2. Let the notation be as above 



(i) Let ^[ be a generic point of Gi^^ , then the Oq[iy ^, -module A4^^} is of length 1. 

(ii) The scheme H is normal. 

(Hi) The morphism 6^^^: G^^' — > J^^' induces a surjection G[i](5) ^ J[i](5). In particular, 
is a faithfully fiat morphism of S- group schemes, with ker(0[-'^]) = H^^^ . 

Proof. Observe first that we have a commutative diagram with exact rows, where the first row 
is ([321): 

^ Gill (5) ^ G{S) ^ Pic°(Xi) ^ 



r2 



,p[l,^(2)](5) .P[^(2)](5) 



-P[i](5) -0 

The morphism G^'^^S) p[i.V'(2)] (5) gurjective, since the map r2 is surjective. Moreover, 
by Corollary 12.1.91 the group p[^'^(^^l(5') is an Ox-module of length 1. Hence, it is an infinite 
group. Therefore, the composed morphism 

gW(5) ^ G(5) ^ P[^(2)](5) = Pic°(X^(2)), 

has infinite image. Hence, the composed morphism 

(36) gW'(5) ^ G{S) ^ P[^(2)](5) = PicO(X^(2)) 



also has infinite image because G^^' is an open subgroup of gW. 



Next, we consider the map of funtors r'2 : G^^^' P 



Pic' 



^i,{2)/s obtained as the compo- 



sition of G^^l' — ?• G with r2: G — 7- P[^(2)]- This map induces a morphism of pro-algebraic groups 
over k, again denoted by 

r^:Gr(GW')^Gr(P[^(2)]) 
We claim that this morphism factors through g\^^ = Gri(G["'^] ): 



(37) 



Gr(GW') 



G 



■Gr(P[^(2)]: 



Let IC be the kernel of the morphism Gr(G[^l ) — > G^s^ ; it is pro-smooth and connected. Let 
e € G'^] (S) be such that e(s) G G^}^ is the unit element. In particular, the support of the torsion 
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module A4^^^' at e(s) has two irreducible components, which implies, according to Proposition 
K2A\ (1), that the O^-module e*A^[i]' = }i^{X,Ce) has length at least 2 (here, Ce = (id x 
e)* {^\xxgM'))- particular, by Corollary 12.2.31 the restriction Cs\x^^2) ^ power of I\x^^2)- 
Since the invertible sheaf I is of finite order and since k is algebraically closed, this implies 
that the induced map /C — )• Gr(P[^(2)]) has finite image, in particular, it is trivial since /C is 
pro-smooth and connected. This fact ensures the existence of the factorization in (j37p . 

In order to prove (i), let us denote by ii the length of the O^iiy ^, -module . By definition 
of GI^I', we have £i > 1. Suppose h > 2. Let e G G^^^' (S) be a section of G^^^' such that 
e(s) G {C'l} C Gs and denote by the associated rigidified invertible sheaf on X. According 
to Proposition EXH (1), the Oi^-module e*M^^^' ~ R^iXXe) is of length > h > 2. Hence, by 
Corollary 

we have £,^1x^(^2) ~ "^N^vca) a suitable integer i. Thus, r2 ^({Ci}) C Gr(P[^('2)]) 

consists of a single element because r'2 ^ is continuous and the set {I^ : j G Z} is finite. Using 

[11/ 

the fact that ^ is a morphism of groups and that {^J} is an irreducible component of , we 

deduce that the morphism r'2 ,, and hence the map : G^^^' (S) — )■ P[^(2)]('S') = Pic'^(^,/,(2)) has 
finite image. This contradicts the assertion on the infinity of the image of (j36p proved above. 
Hence ii = 1, and this concludes the proof of (i). 

Assertion (ii) is just a corollary of (i). In fact, for Yi an irreducible component of Hg, let 
^[ denote the generic point of Gg lying above Yi. Let x' G C Gg be a closed point not 
contained in hI'^'^ , and e' : S ^ G^^'^ a section lifting x', which also gives a section e: /S — )• G by 
composition with G^'^^' G. Let x = eis) G Hg. Since x' 4 H^}^ , and liAd^}} ) = 1 by assertion 

(i) of this Lemma, the Oi^-module e'*M^^^' = e*M is of length 1 (see Proposition 13.2.11 (1)). 
According to Proposition 13.2.1] (2). this last condition implies that H is regular at x. Hence 
H is regular at the generic point of the irreducible component Yi of Hg because Yi contains x. 
Since this can be done for any generic point of Hg, one finds that H is normal by using Serre's 
criterion of normality (recall that the generic fibre Hk of H is regular, and the scheme H, being 
a divisor of a regular scheme, is Cohen-Macaulay) . 

For (iii), recall that the composed morphism G{S) Pic'^(X) J{S) is surjective (see 
§ ll.l.2p . Since G^^' is the dilatation of G along ifg^rcd) the surjectivity of the last map implies 
that the map G[i]'(5) ^ J[1](S) is also surjective. bmce Gill c Gl^l' is an open subgroup, with 
non empty special fibre, and the abstract group G^^^' {S) / G^^\S) is a finite group, according to 
[5], 9.2/6, the morphism 0^^'^ also induces a surjection G[i](5) ^ J[il(5). In particular, usmg 
the fact that the two iS-group schemes G'^^ and jt^l are smooth, we find that the morphism ^[^1 
is faithfully flat, and hence ker(^l^l) = i^t^l since both ker(0["'^]) and H^^'^ are flat closed subgroup 
schemes of G'^^ having the same generic fibre. □ 

By abuse of notation, let us denote by r2 both the following composition of morphisms 

r2:GW -G -P[^(2)] 

and the induced morphism of pro-algebraic groups over k: Gr(Gt^l) — )■ Gr(P[^(2)])- we have 
seen in the proof of Lemma 13.4.21 diagram (I37l), (since GI^I C GI^I' is an open subgroup), the 
map r2 factors through the canonical surjection Gr(G[^]) — )■ Gs^': 

Gr(GW)^Gr(P[^(2)]) 
,.rr 

..■■■■■'3 r-2,s 



G 



1 ■■ 
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Next, define Z\ := ker(r2,s)rcd ^ g\^\ Then the same argument used for Z in (j3ip . in the case 
n = 1, imphes that Zi is a union of connected components of H^^l^^- 

Now we use constructions similar to those used in the comparison at the first level. Let 
G^^l (respectively G'^^ ) be the dilatation of G^'^'^ along the closed smooth subgroup Zi of G^}^ 
(respectively along H^gl^,^ ^ G^s^), and let a^^^ be the composed mor phism ^ Gl^l ^ G. 
According to [5], 3.2/3, G^^l is a smooth 5-group scheme, and we have an exact sequence: 



0. 



j]^', according to the 



On the other hand, since H^^ is the kernel of the morphism G^}^ 
universal property of dilatations, we have an exact sequence of abstract groups 

^ gP]'(5) ^ gW(5) ^ jW(5i) ^ 0. 

Since Zi C -ff^^^^d is an open subgroup scheme, G'^^ C G'^]' is an open subgroup. Hence we 
obtain a morphism a: p[i''^(2)] (5") j[^l(5i) which renders the following diagram commutative: 

(38) GW (5) P W (5) pl^M^)] (5) 



Hence we get a diagram with exact rows, 
PW(5)( 



(5) 



jW(5i) 




JW(5)^ 



r 









Pic°(X^(2)) 



Pic°(Xi 



J{S) 





92 







J(51) 



jW(5i) 




I?! 



J(52 



J(5l 



This diagram (without the existence of ^2) is seen to be commutative by combining the commu- 
tativity of diagrams (j21|) . (|34|) and (j38|) . In order to see that 52 exists, we need only show that 
ker(/3) C ker{'yoq). Since the upper horizontal sequence is the push-out of the "diagonal" exact 
sequence along /3', we have ker(/3) = ker(/3'). Hence to complete the proof, it is sufficient to 
recognize that the two maps p[^l(5) JiS2), obtained, one following the path through Pic'^(X) 
and the other via pl^'^^^^^l (S), coincide. This fact can be easily checked by diagram chasing. In 
this way, we have shown the existence of the morphism q2- 

Moreover, by Corollary [2231 the kernel of 52 : Pic'^(X^(2)) ~^ '^{^2) is generated by 2^|x^(2) ^ 
Pic'^(X^(2))- III particular the morphism q in ([24|) induces a morphism 52: Gr(Pic^ ^ ^g) — )■ 
Gr2(J) that is compatible with the morphism gi in (|35]) . 
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The general case can be done by induction on n, by using the same argument as before. 
Finally, we summarize our results in the following theorem: 

Theorem 3.4.3. Let the notation he as above. For any integer n > 1, the morphism of fppf- 
sheaves q: Pic^y^ — >■ J induces a morphism of smooth k-group schemes 

g„:Gr(Pic^^^^^/5)^Gr„(J) 

making the obvious diagram commute. Moreover, the morphism qn defined above is an isogeny 
of algebraic k-groups, and the group of k-points of the kernel of qn is given by 

ker(g„)(A:) = |x^,„) : i € Z } C Gr(P[^(„)])(A;) ~ Vic^X^^^))- 

Corollary 3.4.4. The morphism q: Pic°(X) J{S) in ([25]) maps p[V'(")](5) onto 
thus inducing an isogeny of connected quasi-algebraic groups 

Qn -. Gr(P[^(„,)]) Gr„(J) 

whose kernel is generated by the element X\x^(^„^ G Gr(P[^(„-)])(fc) = Pic''(X^(„)). Furthermore 
the kernel of q is isomorphic to TLjdTL. 

Proof. According to the previous theorem, we have q(p[^(")l(5)) C hence q induces 

the isogeny with properties as stated in the corollary. In order to finish the proof, we need 
only establish that the last inclusion is in fact an equality. To see this, we consider the quotient 
of J^^^S) by q(P'^^"'^l (S^)). By applying the snake Lemma to the following diagram with 
exact rows 

. pmr^)] (5) . PicO(X) Gr(P[^(„)] ) 



^ J["] (S) ^ J{S) ^ Gr„( J) ^ 

we find that the quotient J^'^^{S) by p['/'("')] (5) is a finite quasi-algebraic group. Since J^"^ / S 
has connected fibres, the pro-algebraic group J^'^^S) is connected, hence the cokernel of the 
left vertical arrow is necessarily trivial. Thus q(pt^^"'^^ (S)) = J^^^{S). The kernel of q is cyclic 
of order d because the kernel of any g„ is a constant finite group and the kernel of q in (llip is 
isomorphic to Z/dZ and is generated by Z ([E], Theoreme 6.4.1 (3)). □ 

Corollary 3.4.5. Let notations be as above. The following conditions are equivalent: 

(1) The torsor Xk is tamely ramified; 

(2) The Picard functor Pic^^j^^^ is representable, and the canonical map Pic^^^^ J is etale. 

(3) The extension of Serre pro-algebraic groups associated to X/S 

^ Z/dZ ^ Pic°(X) ^ J(5) ^ 
lies in the subgroup ExtHGri( J), Z/dZ) C Ext^( J(5), Z/dZ). 
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Proof. The equivalence between (1) and (2) follows from Proposition 5.2 of \16\ and from Corol- 
lary [2?331 To see (1)<^=^ (3), suppose first that Xk is tamely ramified, namely I\xi is of order 
d; we then have the following commutative diagram 

^ Z/dZ ^ Pic°(X) —f-^ J(S) ^ 

^ Z/dZ ^ Gr(P[i]) Gri(J) ^ 

In particular, we get (3). Conversely, if condition (3) holds, the morphism q induces an iso- 
morphism between q~^{J^^\S)) and = ker(J(S) Gri(J)). In particular, Serre 
pro-algebraic group q~'^{J^^^(S)) is connected. On the other hand, q~^{J^^^{S)) contains the 
subgroup Gr(p[^l) of index d/di with di the order oiI\xi- As a result, we find q~^ {J^^^ (S)) = 
Qr(p[i]) \)y the connectedness of J^^^S). Therefore, d = di, and I\xi is of order d, hence Xk 
is tamely ramified (Corollary 12. 3. 3p . □ 

Remark 3.4.6. Let G'^^' = G, 9^^^' = 9: G ^ J. Define by induction, for each integer 
n > 0, a smooth S'-group scheme Gt"! , and a faithfully flat morphism of /S-group schemes 
Q[n]' . Qln]' _^ jln] ^j^g following way: let n > 1 and suppose we have constructed G^^ ^1' and 
0ln-i]' . Q[n-i]' _^ j[n-i]^ gj^^^g faithfully flat, its kernel i^I""!]' = ker(0["-i]') is an S- 

group scheme flat over S. Then we deflne G^' as the dilatation of GI""!]' along i^f ~d^' ^ G^"^''. 
GN' is a smooth 5-group scheme ([5], 3.2/3). By the universal property of dilatations ([5] 3.2/1), 
the morphism induces a morphisms of 5-group scheme 9^^^ : G'"! — t- J^^\ which is also 

faithfully flat (proof as for Lemma [3X2] (iii))- Now let ijM' := ker((9W). Then the proof of 
Theorem ElUS] (especially of Lemma [3.4.2l (ii)) shows that the scheme ijt'^l is normal. Moreover, 
we can verify that the scheme ifl*^!' is smooth over S for sufficiently large n. 

4 Shafarevich's pairing 

As stated in the introduction, this section gives a new construction of a homomorphism as in (0) 
via the rigidified Picard functor. We will prove that it coincides with the classical Shafarevich's 
duality if d is prime to p, and more generally, for all d in the mixed characteristic case. In 
Section [SJ we will use these constructions to study the morphism in ([5]) . 

4.1 The component group of a torus 

One of the key facts in the construction of Shafarevich's duality is the pro-algebraic structure 
of the cohomology group }l\{K, fin), where fin denotes the finite subgroup scheme of n-th roots 
of unity in the multiplicative group Gm,K- 

Recall that the Neron model T of a torus Tk is locally of finite type, but, in general, not of 
finite type over S = Spec(Oi^). It is of finite type if and only if it does not contains split tori 
(cf. [5], 10.2/1). Let Ak denote the group of characters of Tk- If Tk has no non trivial split 
quotient, i.e., if Ak{K) = 0, then T is of finite type. 

Lemma 4.1.1. Let f : Ti^k — ^ T2^k be an isogeny of tori with kernel a finite group scheme Fk- 
The group IIg(K, F^-) = T2^k[K) /Ti^k{K) has a canonical pro-algebraic structure. 

Proof. (Cf. [1], 4.3.) Let Xi^k (respectively Tj) be the character group (respectively the Neron 
model) of Ti^K-, i = 1,2. Denote by the torus (deploye) whose group of characters is the 
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constant free group Ki^k{K), and similarly for T!f^. They are split tori with the same component 

group, say W . Furthermore the isogeny / induces an isogeny f^'^^ : '^2% that is injective 

on component groups. The torus T'- j^, defined as the kernel of the quotient map Tj — > T^'-'^, 
admits a Neron model of finite type because its group of characters is = Ai^x /■^i,K{K). 
Hence, using the exact sequences 

^0(7;') MT^) MT^''^) ^0, i = 1,2, 

one sees that the kernel and the cokernel of the homomorphism 7ro(Ti) — ?■ 7ro(T2) are finite groups. 
The identity components of the Neron models Tj are smooth group schemes of finite type ([5], 
10.1). Hence their perfect Greenberg realizations are pro-algebraic groups. Let us denote by P 
the cokernel of the map Gr(T{') — )■ Gr(T2 ). Now, the cokernel of the map Gr(Ti) — > Gr(r2) is 
an extension of the finite group vro(T2)/7ro(Ti) by the quotient of P by a finite constant group. 
Hence it is a Serre pro-algebraic group that will be denoted by II^{K,Fk) since its group of 
/c-points is H^(K,Fx). □ 
For our later work we will also need the following result: 

Lemma 4.1.2. Let T ^ G ^ ^ be an exact sequence of smooth group schemes 
over S, where T is the Neron model of a torus and is the identity component of the Neron 
model of an abelian variety. This exact sequence induces a homomorphism of profinite groups 
'Ki{Gr{AP)) — )■ 7ro(r)tor where the index tor indicates the torsion subgroup. 

Proof. If T is of finite type, the proof is immediate. Indeed '/ro(T)tor = T^oiT) = 7ro(Gr(T)) is 
finite and, on applying the perfect Greenberg functor to the above sequence, we get an extension 

^ Gr(r) ^ Gr(G) ^ Gr(^°) ^ 0. 

The desired map then follows from the long exact sequence of the vTj's (see § II. 2p . 

Suppose that T is locally of finite type. Since k is algebraically closed, 7ro(r) = 7ro(r)tor © 
'^o{T)b with 7ro(r)f]. torsion- free. Let T^* be the maximal subgroup of T whose component 
group is finite. In particular, T^' contains the identity component and 7ro(T^*) = vro(T)tor- 
The group G is obtained as the push-out along the inclusion map T^* ^ T of a unique (up 
to isomorphism) extension T^* G^* A^ ^ because the quotient T/T^^ satisfies the 
hypothesis in [8], § 5.7, 5.5. Hence we can proceed as above, with G^* in place of G, obtaining 
a map vri(Gr(^)) ^ ^q{Gt{T^')) = 7ro(r)tor ■ □ 

4.2 Begueri's construction 

In this section we assume that K has characteristic 0. Given i^-schemes Zk and Uk, let us 
denote by Zjjj^ the fibred product Zk Xk Uk, viewed as a scheme over Uk. 

Let Xk be a ET-torsor under Ak and let n be a positive integer such that nXx is trivial; the 
order of Xk is the minimum among such integers. The torsor Xk corresponds to an n-torsion 
element in }i^{K,AK) = Ext^(Z, j4a') and hence to an extension of group schemes over K: 

(39) 0-^ Ak Bk -^^-^0, 
which is the pull-back along Z — > TLjnTL of a, not unique, extension 

(40) 77: ^ 4 E^if ^ Z/jzZ ^ 0; 
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the fibre at 1 G TLjnTL is precisely Xk- Let us denote by 



(41) r?n : ^ uAk uEk ^ Z/nZ ^ 

the sequence of n-torsion subgroups. Consider also the exact sequence 



(42) 



^ M„ ^ V\ 



(cf. [U, 2.3.2) where, as in § [LTl we denote by V*^^ the torus ^„EK/KiGm,„EK) representing 
the Weil restriction functor that associates to a JC-scheme 5' the group Gm,K{S' uEr) ([3) 
7.6). Observe that 

jin = Hom(Z/nZ, Gm) = Hom(£'x) Gm)- 



The second map in (j42p sends a homomorphism /: Ek — > Gm,K to its restriction to nEx^ 
while the third arrow sends g S Gm,K{nEK) to (the isomorphism class of) the trivial extension 
endowed with the section and the map te forgets the rigidification along uEk- 

We now describe Begueri's construction of Shafarevich's duality following [1]. Let Fk be a 
finite /C-group scheme and F^ its Cartier dual. There is a short exact sequence (cf. [l], 2.2.1) 



(43) 



O^F^^y;^ ^Exti(F^, 

Gm)FK 0) 



where the second map forgets the group structure and the third map associates to each / G 
Gm^KiEx) the trivial extension endowed with the rigidification induced by /. We also recall the 
following exact sequence (cf. [1], 2.3.1) 



Kak 



0. 



(44) 

In [1], 8.2.2 Begueri first constructs a map 

F: Bi{K,nAK)^'E^tHGv{A'),Yi'■{K,^lr^)) 

as follows: any element in Hg(i^, „Ax) corresponds to a sequence ry„ as in (j4ip . Consider now 
the diagram 





V* 




V2, 



ExtVZMZ,G. 



■Extl(Ei^,Gm)„EK -Extn^X,Gm)„yl, 



TE 







K 



A'r 



K 



where the rows are complexes and the vertical sequences are those in (j43p . for Fk = "L/nL, ()42p . 
(j44p . respectively. Since -fT has characteristic 0, the second row consists of tori, while the third 
row consists of semi-abelian varieties. Hence they all admit Neron models. On passing to the 
perfection of the Greenberg realization of the Neron models and considering the cokernels of the 
maps induced by f i , , 1's , one gets a complex of pro-algebraic groups (cf . Lemma I4.1.ip 



(45) 



^ lV-{K,Hn) Bxt^{EK,Grri) Gr{A') 0; 
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this is indeed an exact sequence because on A;-points it induces the exact sequence 

^ Rl{K,fin) = Ext^{Z/dZ,Gm) ^ Ext'^{EK,Gm) A' {Ok) = Ext^(^i^,G„) ^ 0. 

We have thus associated with (|4ip an extension of Gr(^') by H"'"(JC, /^^): this is the image of 
(fiTI) via r. 

The homomorphism 

V^,: Ii\{K,nAK) Exti(Gr(A'0),Z/nZ) 

in [1], 8.2.3, is then obtained by applying first F, then the pull-back along Gr(^"^) — t- Gr{A') 
and, finally, the push-out along Yi^{K,^n) t^o^^^ {K, ^in)) = Z/nL. Let us denote by 

(46) i^niVn) ■■ ^ Z/n'L WiXK) ^ Gr(^'°) ^ 
the image of (j4ip via ipn- Recall now that (cf. [T8|, 5.4) 

(47) Ext(Gr(A'°),Q/Z) = Hom(7ri(Gr(A'°)), Q/Z) = Hom(7ri(Gr(^'))> Q/^)- 

In terms of homomorphisms of profinite groups, the extension (j46p then corresponds to a map 

(48) = : ^i(Gr(^'0)) _^ ^^{yV- {K , = Z/nZ C Q/Z 

deduced from (|45p (or equivalently, from the pull-back of (|45p along Gr(^"^) Gr(^')) via the 
long exact sequence of VTj's. 

Lemma 4.2.1 ([Ij, 8.2.3). Let notations he as above. 

i) The extension ipniVn) in (j46p depends only on the sequence ()39p . i.e., on the torsor Xk; 

ii) the formation of ijjniiln) behaves well with respect to the inclusions li^(K, nAx) — >■ }l\{K,n'AK), 
and Z/nZ Z/n'Z Q/Z for n\n' ; 

Hi) the above construction provides the duality in ([7|). 

Hence we can deduce that 

Lemma 4.2.2. Shafarevich's duality in ([7]) maps the class of the torsor Xk to the extension 
corresponding via (j47p to the homomorphism u'^Xk (BS])- 

4.2.1 An alternative construction of V'n(^n) in (|46p (in view of further applications) 

The kernel of te in (|42p is a torus, which, for brevity, we denote by Tf^. Let T"^ be its Neron 
model over S. We have an exact sequence 

^ ^ Ext\EK,Gm)^E^ ^A'j^^O 

which extends to an exact sequence of Neron models 

(49) ^ ^ j,Ext}{EK, G„^)^EK^A' ^ 0. 

On applying the perfection of the Greenberg functor we get an exact sequence 

(50) ^ Gr(rn ^ Gr(i,Ext^(£;i^, Gm),.Ej,) ^ Gr{A') ^ 
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where the first two groups are not pro-algebraic in general, because they are projective limits 
of perfect schemes not necessarily of finite type. Nevertheless, on applying the perfection of the 
Greenberg functor to the morphism of Neron models j*y*Ejf ~^ get a homomorphism 

whose cokernel is a pro-algebraic group (cf. Lemma I4.1.ip and whose group of /c-points is 
Il^{K, fin)] we will write 

Gr(j;y;g^) ^ Gr(ro ^ h1(k,/^„) ^ o. 

Now take the push-out of (jSOp along h'^; by construction, the resulting exact sequence is the 
one in (j45p . i.e., the image of (j4ip via T. Hence, if one considers the pull-back of (jSOp along 
Gr(^'O) ^ Gr{A'), 

(51) ^ Gr(r^) ^ C/^Gr(A'°) ^ 0, 
and then the push-out of ([5T|) along the composition of maps 

Gr(T") ^ Hi(K,/^„) ^ ^o(Hi(i<:,/^n)) = Z/nZ, 

one gets the extension V'n(^n) in (|46p . i.e., the image of via Shafarevich's duality. 

Thanks to this new description of Shafarevich's map, we can characterize the map n"^ in (j48p 
as follows: 

First consider the pull-back of ()49p along yl"' A'. As we have seen in the proof of 
Lemma I4.1.2^ this extension is the push-out of an extension 

^ T^'^* -^G^A'^^0 

where T'^'^* is the maximal subgroup scheme of finite type of T'^ . The pull-back of the sequence 
in ([50]) along Gr{A'^) — > Gr{A') is then isomorphic to the push-out of 

(52) ^ Gr(r^'^*) ^ Gr(G) ^ Gr(A'°) ^ 

along the composition of maps /i"^'^*: Gr(T'^'^'') — ?• Gr(T'^) ^ H"'"(i^, /ijj). Hence 

(53) n^^ =7ro(/i"'f*)ow; 
where the homomorphism w : tti 

(Gr(^')) ^ 7ro(Gr(T^'f*)) is deduced from (l52|) via the long 

exact sequence of the vTj's. 

4.3 An alternative construction using rigidificators 

Let Xk be a torsor under an abelian variety Ak- We will see in this section how the homomor- 
phism u'^ in (j48p (and in ()53p ) can be constructed using a rigidificator xk of the relative Picard 
functor Ficxj^/K- Observe that any closed point of Xk provides a rigidificator of Ficxj^/k- 

Lemma 4.3.1. Let Xx he a torsor under an abelian variety Ax, of order d. Let d' be the 
separable index of Xx, i.e., the greatest common divisor of the degrees of its finite separable 
splitting extensions. Then d\d' and they have the same prime factors. If Ax is an elliptic curve, 
then d = d' and the index is indeed the degree of a minimal separable splitting extension. 

Proof. Using the restriction and corestriction maps, we find that nXx = if Xx becomes trivial 
over a finite separable extension K' /K of degree n. Hence d\n. Suppose now that we are given 
separable extensions K Q L (1 V with {d, [L' : L\) = 1 and Xy = 0. Then [L' : L] ■ Xl = in 
Hg(L, A/,). However the order of Xl in \{^{L,Al) divides d and thus X^ = 0. Hence d,d' have 
the same prime factors. 

For the latter assertion on elliptic curves see Lemma |2.1.2[ □ 
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Remark 4.3.2. Let xk = Spec(i^') with K'/K a finite separable extension of degree n. Then 
the torus V*^ is the Weil restriction ^K'/K{^m,K'), it has component group isomorphic to Z 
and the closed immersion Gm,K — ^ the inclusion K* C K'* on ii'-sections) induces the 

n-multiplication n: Z ^ Z on component groups of Neron models over S. 

4.3.1 An alternative construction of Shafarevich's duality 

The main idea here is to use in ([l2]l a rigidificator xk of Picxj^/x in place of nEx The advantage 
is that the new construction works even for K of positive characteristic; in this case we choose 
Xk etale so that V*^ = ^XK/Ki^m,XK) is still a torus. 

Observe that a rigidificator xk is a closed subscheme of Ex and the homomorphism 

Hn = Hom{EK,Gm) 

is still a closed immersion. Indeed any homomorphism /: Ek — > Gm factors through p: Ek — >■ 
"L/nL and if /i^.^ = then f\Xji = because xk is a rigidificator. However Xk is the fibre at 1 
of p and hence also / = 0. We then have an exact sequence 

(54) ^ /i„ = Hom(^i^ , G„,) ^ V^^ ^ Ext^ {EkMxk ^ ^ 0. 

More generally, we will say that a finite etale subscheme Zk of Ek satisfies property (*) if 

(*) the canonical map pn = Hom(£'i^, Gm) ^® ^ closed immersion. 

For any such etale subscheme xk we can construct an exact sequence as in (|54p . 

Denote by the torus V*^/ pn and omit the exponent x if the rigidificator xk is fixed. The 
sequence (i54|) induces an exact sequence 

(55) ^ Tx ^ ^HEk, Gm)x,, ^ ^'/r ^ 0, 
and hence an exact sequence (cf. Lemma l4.1.2| /proof) 

(56) ^ T^* ^ Gi ^ A'^ 0, 

where T^* is the maximal subgroup of finite type of the Neron model T of Tk- Now consider 
the cokernel 

(57) Grij,V:j ^ Gr(r) A n\K,f^r.) ^ 

of the homomorphism between the perfect Greenberg realizations of the Neron models of V*^ 
and Tk', by Lemma 14.1.1 1 it is a pro-algebraic group whose group of /c-points is Hg(i<r, /u„). 

Lemma 4.3.3. The pro-algebraic group li^(K,fj,n) in (|57|) does not depend on the etale finite 
subscheme xk chosen to construct it. In particular it coincides with that of (j42p . 

Proof. Let xk C uk be finite etale subschemes of Ek satisfying (*). We have canonical mor- 
phisms V*^ V*^, f'^ : T"^ ^ T^, such that f'^ogy=g^of^. Hence the pro-algebraic 
group constructed in (|57p for xk is canonically isomorphic to the one constructed via i/k- Q 
In order to provide a more useful description of the map u'^ in (148p . consider the perfect 
Greenberg realization of (j56p 

(58) ^ Gr(r^*) ^ Gr(Gi) ^ Gr(A'°) ^ 0, 
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and then its push-out along the composition of maps 

(59) h^': Gr(rf*) ^ Gr(r) A h1(K,/x„). 
We obtain an exact sequence 

C : O^U^iK, ^ Gr(A'°) ^ 

and hence a homomorphism 

ux^ = u: 7ri(Gr(^0) ^ M^^{K,^lr,)) = Z/nZ C Q/Z 

such that 

(60) u = 7ro(/i^*) o 

where u^* : ■ki{Gt{A')) 7ro(Gr(T^*)) = 7ro(T)tor is deduced from the long exact sequence of 
the TTi's of (I58]l . 

Proposition 4.3.4. The association Xk uxj^ provides a homomorphism 

E: R\K,Ak) ^}lom{TTi{Gr{A')),Q/Z). 

If char (K) = the homomorphism uxk (|60p coincides with the homomorphism u^Xk 63)- 
In particular, the homomoprhism H is, up to the identifications in (|47p , Shafarevich 's duality in 

Proof. We start by showing that, once Xk has been fixed, the construction of u: 7ri(Gr(j4')) 
Q/Z in (j60p does not depend on the choices of xk, ri and € Ext"'^(Z/nZ, ^/<) above X^'. 

First we see that u does not depend on the etale finite closed subscheme xk of Ek satisfying 
(*). Let Xk C UK be two etale subschemes of Ek satisfying (*). Denote by T^, h^ , h^^'^ ,u'^ 
respectively the torus in (f55|) . the maps in (f571) . (f59l) and (i60|) for xa', and similarly for 
The canonical morphism of tori — >■ induces a morphism /? : T^'^* — >■ 7"2;,ft j^g^-yveen the 
maximal subgroups of finite type of the Neron models. Denote by /3': Gr(r?''f*) Gr(r^'^*) 
the corresponding map on perfect Greenberg realizations. One then has /?' o /i^''^* = h^'^^ and 
7ro(/i^'^*) = 7ro(/i.^'^*) o -kq{P'). Furthermore the sequence (158]) for xk is the push-out along /?' of 
the sequence ([58j) for yx- Hence u^'^* = vro(/3') ouS^'f*. We conclude then that 

(61) n^' = 7ro(/i^'^*) o -u^-'ft = 7ro(/i^'^*) o 7ro(/5') o u^'f* = 7ro(/i^'f*) o -u^^'^* = uV. 

Let now n, n be positive integers such that n ■ Xk = and n|n. We can consider the pull-back f} 
of rj in (j40p along the projection TLjfiL — t- TLjnTL. If we proceed with r) as we have done for r/, we 
get a map 7ri(Gr(A')) — )• Q/Z. Observe that the 2-fold extension (154p for 77 is the push-out 
along — >■ //^i of dM]) and that the map 7ro(H-'-(l<', /x^)) ^ 7ro(H-'-(i^, /^j^)) is the inclusion 
Z/nZ — >■ Z/nZ. It is now immediate to check that the maps u and u coincide. 
We have thus obtained a map 

(62) Ext^(Z/riZ, Aa') ^ Hom(7ri(Gr(yl')),Q/^)> r]^u. 

To check that this map is indeed a homomorphism, observe that it is functorial in Ak- Fur- 
thermore we could repeat the construction with any finite constant group Fk in place of Z/ nZ 
obtaining in this way a map 

Exti(Fx,^i^) ^ Hom(7ri(Gr(yl')),^o(Hi(i<:,i^K))) 
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with F^^ the Cartier dual of Fx ■ This construction is functorial in Fx ■ The functoriahty results 
are sufficient to conclude that the map in (j62p is a homomorphism, because the Baer sum of 
two extensions as in ()40p is found by first taking the direct sum of the two extensions, then 
applying the push-out along the multiplication of A'j^ and finally applying the pull-back along 
the diagonal map Z/nZ — ?> TLjnTL TLjnL. 

Suppose now that n and xk are fixed. We show that the map u is trivial if Xk is trivial, 
i.e., the map in (j62p factors through Hg(i^, = Ext^(Z,A/^). Suppose that Xk is trivial 
and choose a A'-point xk of Xk- In particular, V^k ~ '^rn,K, Tk = Gm,K and 7ro(r) = Z. 
Hence T^* = Gm,OK^ the homomorphism n^* : 7ri(Gr(j4')) — )■ 7ro(Gr(T^*)) = is the zero map 
and u = 0. 

Suppose now that char{K) = 0. To see that the homomorphism Xk ^ '^Xk is Shafarevich's 
duality, it is sufficient to check that the homomorphisms vT' in (I48p and u in (I60p coincide. 
Consider then a finite separable extension K' / K splitting ()4ip and a point x/^ = Spec(-ftr') of 
n-Ej^ above 1. It is a rigidificator of Vicxj^/K- Set uk = uEk- Then, with the same notation as 
above, coincides with the map in (j53p and one can repeat the arguments used in (|6ip . □ 

Remark 4.3.5. The original construction by Begueri works only for K of characteristic zero 
because in the case of positive characteristic the scheme y*Ej( (and hence T^) need not to be 
a torus; in particular it might not admit a Neron model. The construction via rigidificators 
described in this section works in any characteristic. For char{K) = p it is not clear that it 
provides Shafarevich's duality. We will see in Proposition 14.5.11 that this is the case on the 
prime-to-p parts. 

4.4 A construction via the Picard functor 

In this section we present a third possible construction of a homomorphism as in ([7]), this one 
making use of the relative Picard functor. We will see that it always coincides with the one in 
Proposition 14.3.41 and hence with Shafarevich's duality in the characteristic case. 

Let Xk be a torsor under Ak and xk = Spec(K') a closed point of Xk with K' /K a finite 
separable extension. The smoothness of Xk ensures the existence of xk- No assumption on the 
characteristic of K is made. 

Consider the usual exact sequence (cf. [16], 2.4.1) 

^ ^ ^ iPiCx,/K,XKf ^A'k^O. 

Observe that VJ^ = ^XK/K{^m,XK) — Gm,K ([E], 2.4.3), V*^ is a torus and hence so too is 
Nk '■= V*^/Grn,K- Denote by its Neron model. Observe that it follows from Remark 14.3.21 
that the component group of M is cyclic of order n, hence its perfect Greenberg realization is a 
Serre pro-algebraic group. 

We proceed as in the previous section, first by passing to Neron models and then applying 
the perfect Greenberg realization to the sequence 

(63) ^ iVA' ^ {Vicx^/K.XKf A'k ^ 
so that we obtain an exact sequence of Serre pro-algebraic groups 

^ Gr(AA) ^ Gv{3,{V\cx,,/K,XKf) A Gr(A') ^ 
and hence a homomorphism 

(64) v = vxk- 7ri(Gr(A')) vro(Gr(AA)) = Z/?iZ. 
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In order to compare this construction with the (modified) Begueri construction of the previ- 
ous section, i.e., in order to compare the maps u in (|60|) and v in we consider the following 
diagram 



(65) 



1 ^m)XK 



A', 



K 



tK 







K 



where the upper sequence is (j55]l . the lower one is (j63]) and fx associates to a Gm-extension 
Lk of Ek endowed with a x/<-section a its restriction (as torsor) to Xk endowed with the 
trivialization along xk induced by a. The morphism tx is surjective and its kernel is Gm,K = 

n- 

Consider now the induced diagram on Neron models 



,ft| rc -i.Exti(^K,G^)xK 

^ M ^ j* {Vicx^/K^xxf 



A' ^0 



A' ^0 



where the first row is (|56p. The homomorphism u in ()60p is the composition of the homo- 
morphism ti^*: 7ri(Gr(^"^)) — > 7ro(Gr(T^*)) (deduced from the upper exact sequence) with the 
homomorphism 

7ro(/i^'): MT'') = ^o(Gr(rft)) ^ ^o(h1(K, /^„)). 

It now follows form the above diagram that the map v. 7ri(Gr(^')) — > 7ro(Gr(AA)) in ([6; 
obtained from the lower exact sequence, satisfies 



(66) 



We are going to check that u and v coincide, by showing that, up to canonical identifications 
we have -Koih^^) = T^oit^^)- To see this fact, consider the following diagram 



^V*^,=Gr,-.,K ^V*^ 



■Tk- 

tK 

Nk- 
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and consider the induced diagram of component groups of Neron models 




where l is the inclusion map and the vertical sequence is left exact because Z is torsion free 
(cf. [8], VIII 5.5). We insert this diagram into a bigger diagram 











XK' 



MT) ^7ro(Hi(K,/x^)) 



92 



where qi o t, = 7ro(/i^*) and q2 o l = 7ro(t^*). By Remark 14.3.21 7ro(AA) = Z/nZ and the vertical 
sequence on the left coincides with the upper horizontal sequence. Hence the middle vertical 
sequence splits as does the middle horizontal sequence. The identifications '/ro(14*^) = Z then 
induce the identifications 

7ro(A^) = Z/nZ ^ 7ro(Hi(K, 

where the first isomorphism maps the image of the class of a uniformizer vr' € K'* = V*^^ {K) to 
the class of 1, while the second isomorphism maps the class of 1 to the image of the cohomology 
class corresponding to a uniformizer vr G K* = Grn,K{K). 

Let cj be a section of q2- One has qioa = id^ /„z • Furthermore aoq20i = l because aoq20i — i 
factors through Z and thus is trivial because 7ro(T^*) is torsion. Hence 

7ro(/i^*) = qio i = qio a o q20 L = q20 i = 7ro(t^*) 

and hence thanks to ()66p and (j60p . we get 

V = 7ro(tf*) o J* = 7ro(/i^*) o = u. 

We can then state the main result which is an immediate consequence of what we have just 
proved and Proposition 14.3.^ 

Theorem 4.4.1. Let Ak he an abelian variety over K. The homomorphism 

E: R^{K,Ak) Hom(7ri(Gr(yl')),Q/^) 



mapping the torsor Xk to the homomorphism ux^ '■ 'Ki{Gt{A')) — ?• Q/Z in (j60p coincides with 
the homomorphism mapping Xk to the homomorphism vx^ in (|64p . If furthermore the charac- 
teristic of K is zero, then both constructions coincide with Begueri's construction in (j48p . i.e., 
they explicate Shafarevich's duality. 



40 



4.5 Comparison between the constructions in § 14.3.11 and § 14.41 for general K 



We have seen in Theorem 14.4.11 that the homomorphisms in ()60p , (j64|) always coincide and in 
the mixed characteristic case, that they are isomorphisms and that they provide Shafarevich's 
duahty. For K of characteristic p, it is not clear in general either that they are isomorphisms 
or that they provide Shafarevich's duality. However, we have a partial result on the prime-to-p 
parts where Shafarevich's duality is quite easy to describe. 

4.5.1 Shafarevich's duality on the prime-to-p parts 

We recall here what Shafarevich's duality looks like on the prime-to-p parts. 

Let n = F he a positive integer, prime to p, and large enough to kill the /-primary parts of 
the component groups of Ak and A'j^. Consider the perfect cup product pairing 

( , ):R\K,nAK) X nA'AK) ^ R\K,^in)=^/nZ 

on the (etale or flat) cohomology groups of the n-torsion points of Ak and A'j^. Given an 
extension ?]„ as in (j4ip (which corresponds to the torsor Xk) and a point a € nA'j^{K), then 
{rjn, a) is the class of the pull-back along a: Z — > nA'x of the Cartier dual of rjn, 

r/^ : ^ ^ nEj^ nA'j^ ^ 0, 

and it corresponds to the image of a along the boundary map d: nA'j^{K) — )■ H^(i^, Fur- 
thermore, if nA'^ denotes the quasi-finite subgroup of n-torsion sections of A'^, we have 

7ri(Gr(yl'))/n7ri(Gr(^')) = n^'°(O/0 = „2 A'(OA')/nA'(Ox), 

„Hi (K, Ak) = RHK, „2 Aa')/h1 (K, nAK) 
(cf. [2] § 1 ) and Shafarevich's duality on the n-primary parts 

nR^{K,AK) X TTi{Gr{A'))/mri{Gr{A')) R\K,^in) = ^/nZ 

is induced by the above cup product. 

The map u'^ : 7ri(Gr(^')) — >■ ttqCH.^ {K , /j^n)) = H^(X, in (j48|) associated with the torsor 
Xk can also be viewed as the composition 

(67) vri(Gr(^')) ^ n^'(Ox) = nA'j^{K) A RHK,^^n) = Z/nZ C Q/Z 
where the first map is deduced from the exact sequence 

^ nA'K -^A'k^A'k^O 

on passing to Neron models. More precisely we have 

O^nA' ^A' ^ nA' 

where nA' is a subgroup scheme of A' that contains A'^. In particular, on applying the perfect 
Greenberg realization functor we get a homomorphism 

(68) 7ri(Gr(A')) = 7ri(Gr(n^')) ^ MnA') = nA'{OK). 
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4.5.2 Comparison results on the prime-to-p parts 



Let Xk be a torsor under Ak of order d with d a power of a prime integer I, I ^ p. Let n = V 
be a muhiple of d large enough to kill the Z-primary parts of the component groups of Ak and 
A'j^. Fix an extension corresponding to Xk as in (j40]l . and let = Spec(-ftr') be a rigidificator 
of Vicxj^/K contained in nEK-, i-e., a point of above 1 € Z/nZ in ([^T]) . We show that 
the composition of the maps in (167p coincides with the map u in (]60p . This is sufficient to 
conclude that our construction via rigidificators (or equivalently via the relative Picard functor) 
is Shafarevich's duality on the prime-to-p parts. 

With notations as in ()40p . observe that the n-multiplication on Ax factors through Ek so 
that we have a homomorphism 7: Ek — > Ak, with kernel nEx such that 7 o a = n. Consider 
the sequence in ([Mil . We have a diagram with exact rows 



0- 



V* 



■Ext^(Aj^,G^ 



A'^ 



K 



■Ext^f-ER-.G 



mIXK 



A' 



K 







Indeed = Hom(„£'x, G^) maps canonically to V*^^ = Mor fxR-, Gm.^ft-); hence rnaps to 
the torus Tk = Vxji/f^^ ™ ([55]) . The push-out of the exact sequence — >■ — ^ ~^ ^'k ~^ ^ 
along ~^ 'Ek provides the sequence ([5^ and the homomorphism 7* sends a Gm-extension 
of Ak to its pull-back along 7 endowed with its canonical trivialization along xk, induced by the 
canonical trivialization along uEk- Moreover, the boundary map d: nA'j^{K) — )■ li^{K,fin) (of 
finite groups) is the composition of z/: n-A'^{K) — > Tk{K) with the boundary map h: Tk{K) — > 
Hi(i^,/iri), i.e., 



(69) 



d = ho u. 



Recall furthermore that the kernel of the n-multiplication on A' is a quasi-finite group scheme 
over Ok whose finite part is an etale finite group scheme over Ok of order prime to p, hence 
constant, because Ok is strictly henselian. On the level of pro-algebraic groups we then have a 
diagram with exact rows 



^ nA'{OK) ^ Gr(A') ^ Gr(nA') 







■ Gr(T) GT{j,^\EK,G^)xK) Gt{A') 



Since the vertical map on the left factors through a map i/^* : nA'{OK) — > Gr(T^*), the ho- 
momorphism n^* : 7ri(Gr(yl')) 7ro(Gr(r^*)) = 7ro(Gr(r))tor in (160p factors through the map 
6: 7ri(Gr(A')) ^ „A'(Ox) in §8^ and hence 



i.e., the homomorphism u: 7ri(Gr(A')) 
have 



^/nZ in ()60p coincides with that in ()67p . Thus we 



Proposition 4.5.1. For any /oca/ /ie/c/ K with algebraically closed residue field, Shafarevich's 
pairing induces the homomorphism H in Proposition \4-3.4\ on the prime-to-p parts. 

The comparison for the p parts in the equal positive characteristic case is still open. 
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5 Comparison between (Ej) and ([7j) 



In this last section, we return to the study of torsors under an elhptic curve Ak, and we examine 
the relation between the fundamental short exact sequence ([2]) of Serre pro-algebraic groups with 
Shafarevich's duality of abelian varieties. Let n > 1 be an integer, and Xk a torsor under the 
elliptic curve Ak of order d dividing n. Thanks to Corollary 13.4.41 and the construction in §3.11 
we are provided with a short exact sequence of Serre pro-algebraic groups 

(70) O^Z/(iZ^Pic°(X) A J(5) ^0 

by sending 1 G Z/dZ to Ox{—D) € Pic'^(X). If we push out this short exact sequence by the 
canonical map 

(71) Z/dZ Z/nZ, 1 - • 1, 

n 

we get an element, denoted by ^niXx), of the group Ext^(Gr( J), Z/nZ) of extensions of the 
pro-algebraic group Gr( J) = J{S) by the constant group Z/nZ. In this way we get the following 
canonical map of sets: 

(72) niil{K,AK) ^ Ext^(Gr(J),Z/nZ). 

Motivated by [H], one might ask if this morphism is always an isomorphism. Our strategy in 
studying this question is to relate the above construction to Shafarevich's pairing in ^ by using 
our new construction in § [4] as an intermediate bridge. 

5.1 Some set theoretical considerations 

As usual, we use Xk to denote a torsor under Ak of order d and X for its (proper) 5'-minimal 
regular model. We begin with the following lemma, which follows from Lemma 12.0.21 

Lemma 5.1.1. The schematic closure Y in X of any closed point xk of Xk provides a rigidi- 
ficator of the Picard functor V\cx/s- 

Proof. We need only verify the injectivity of the map l^{Xs,Oxa) — > ^^{Ys^iOys) (Corollary 
2.2.2 of [IS]). More generally, we will prove by induction on n that the canonical morphism 
H°(X„, Ox^) H°(y„, Oy^) is injective, where Yn := Y xx Xn- Let Y be defined by the ideal 
sheaf J^. Then Y^. is defined by the ideal sheaf X"^ + J . Let us begin with the case n = 1: 
by Lemma En21 we know that H°(Xi,C'xi) = k. Let e G H°(Xi,C'xi); then e is a global 
function on Xi and so is constant. As a result, the image of e in H''(Y'i, Oy^) is zero if and only 
if e = that is, the morphism H'^(Xi, Oxi) H'^(Yi, Oyx) is injective. In order to complete the 
induction, consider the following diagram of sheaves over X 

n ^ _IZ ^ -^Z2f ^ ^ 



T^^J ^ Ox ^ Ox 



where HO(X,f^) = -R^iX^^Ox^) and hO(X, j^) = H0(y^,Oy„). Hence we need only 



establish the injectivity of the morphism 
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Observe first that ^^ttt — ®Ox ^x' ■ Hence 

Furthermore, consider the map f^o^ — )• ■p^+t^^j that, on sections, maps a (8> 6 to a&. 
It is well defined and surjective. Since X is invertible, Y is integral and Y ^ Xi, so our map is 
also injective. In particular, we find 

^" + ^ ^ rn^ Ox 



Hence 

We are then reduced to proving that the restriction map 

is injective. Since X is an invertible sheaf, according to Lemma [2.0.21 the first group is trivial or 
its consists of constant functions; hence the result follows. □ 

Let xk = Spec(K') be a closed point of Xk with K' /K a finite separable extension of degree 
d (this is possible thanks to [6], 8.4 (3)), and take Y = {xk} C X the schematic closure of 
Xk- By Lemma 15.1.11 the subscheme 1" ^ X is a rigidificator for the Picard functor Vicx/s of 
the curve X/ S. We can then consider the rigidified Picard functor of X/ S along the subscheme 

Y as recalled in § II. 1[ Moreover, as we have seen in the proof of Lemma 12.1.21 such a divisor 

Y is necessarily integral and regular, and it cuts a unique component Ci of multiplicity 1 in 
D transversally. In the following, we will use notations as in § 11.11 and § [3l In particular, 
G = (Picx/5, is the identity component of the rigidified Picard scheme (Picx/s, ^'^'^ we 
have the following canonical map 

r:G = {V\cx/s.Yf ^Vic%s 

that forgets rigidifications. Let N be the kernel of the morphism r. In general, this fppf- 
sheaf A'^ is not representable, but it has representable fibres. Following § El we denote by 
H = Nk ^ (Picx/5, = G the schematic closure of Nk in G; it is representable by a flat S- 
group scheme of finite type. Then the fppf quotient J = G/ H gives us the identity component 
of the 5-Neron model of the Jacobian Jk = Pic^^^,^j^ of the curve Xk/K, and one has the 
following exact sequence of 5-group schemes: 

which induces an exact sequence of abstract groups ll.l.2p : 
(73) H{S) G{S) J{S) 0. 

On the other hand, by definition, we have another exact sequence of sheaves, which is exact for 
the etale topology (since ([8]) in ^ II. H is exact for the etale topology): 

— yN — >G^ Picx/5 — ^ 0- 
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Since S is strictly henselian, the latter sequence induces the following short exact sequence of 
abstract groups: 



(74) 







N{S) G{S) Pic°(X) 0. 



On combining (I73p and (174p , we get the following commutative diagram of abstract groups with 
exact rows: 



(75) 



0- 



■N{S) 



G{S) 



■H{S) 



G{S) 



PicO(X) 







AS) 



0- 



N{K) 



G{K) ^V\c\ig{K) 







where the lower sequence is exact on the right because A'^^- is a torus, the upper vertical map 
on the right is surjective ([5], 9.5/2) and the remaining vertical maps are all injective. 



5.2 The pro-algebraic nature of diagram ( 1751) 

For n G Z>i, as usual we put Sn = Spec(Ox,n) = Spec(C'ii-/7r") with vr € Ok a uniformizer and 
we denote by ]R„ the Greenberg algebra associated with OK,n (Appendix A of [ID]). The aim 
of this subsection is to show, with the help of Greenberg realization functors, that the diagram 
(1751) is pro-algebraic in nature. 

First, the sheaf H is representable by an S'-group scheme separated of finite type. Hence its 
Greenberg realization Gr„(i7) is representable by a A:-scheme of finite type (§ II. 2p and we have 
the following short exact sequence: 

^ Gvn{H) Gr„(G) ^ Gr„(J) ^ 0. 

For the right exactness, we need only prove that the map Gr„(G) — > Gr„(J) induces a surjective 
map on the groups of /c-rational points, i.e., that the morphism of group G{Sn) — > J{Sn) is 
surjective. This last statement follows from the surjectivity of the maps 9{S): G{S) JiS) 
(see § I1.1.2P and J{S) J{Sn). On passing to the projective limit of the associated perfect 
group schemes, one obtains an extension of Serre pro- algebraic groups 

^ Gr{H) Gr{G) Gr(J) ^ 

which says that (ff^ll is pro-algebraic in nature. 

Next, we consider the fppf sheaf kernel of r: G — t- Pic^/s- Let us first remark that for 
any fc-algebra A, by considering the Ox-algebra M„(A) (with support over 5„ ^ 5), we have 
the following exact sequence of groups: 

^ N{Rnm ^ G(M„(A)) ^ Pic°,/5(M„(A)). 

Let Gr„(A^) be the fppf sheaf associated with the pre-sheaf A i— )• A^(M„(A)). By taking the 
associated fppf sheaves, we get the following exact complex of algebraic fc-groups (where the 
representability of Gr„(A^) follows from the representability of the last two functors by smooth 
group schemes): 

(76) ^ Gr„(iV) ^ Gr„ (G) ^ Gr„(Pic°,/5). 
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By taking the /c-rational points, we get the usual exact sequence 

^ N{Sn) ^ G{Sn) ^ PicO,/s(5„) ^ 

which is exact on the right since OK,n is strictly henselian. So the complex (jTGh is in fact a 
short exact sequence of algebraic /c-groups. Now, by taking the projective limit with respect to 
n in the sequence of perfect groups associated with (|76l) we get a short exact sequence of Serre 
pro-algebraic groups: 

^ N{S) Gr{G) Pic°(X) ^ 0. 

Finally, the group scheme Nk is a torus, Pic^^^^ = A'j^ is an elliptic curve and Gk = 
(Picx/5, is a semi-abelian variety; hence they all admit Neron models, which will be denoted 
by J\f, A' and Q respectively; in particular they are smooth group schemes over 5. Moreover, 
according to Remark 14.3.21 the S'-group schemes J\f, A' are of finite type over S, and hence the 
same holds for Q. 

By the Neron mapping property we have the following two canonical maps 

fc-.G^g, and f^-.J^A'. 
As a consequence, the morphisms 

G{S) G{K) = g{S), and J{S) Fic^^/si^) = ^'i^) 
in diagram (j75p come from the morphisms of Serre pro-algebraic groups 

Gr(G) ^ Gr{g), and Gr(J) ^ Gr{A') 
induced by fc, Ia- This implies the existence of a morphism of pro- algebraic groups 

H{S) N{K) = Gr{M) 

which realizes the lower left vertical inclusion in (j75p . Summarizing, we have that (|75p comes 
from a commutative diagram (with exact rows) of Serre pro-algebraic groups. 

(77) ^ N{S) ^ Gr (G) ^ Pic° (X) ^ 

^ H{S) ^ Gr(G) ^ Gr( J) ^ 

a 

^ N{K) ^ Gr{g) ^ Pic°x/s{K) = Gr{A') ^ 

5.3 Comparison 

We deduce from (j77p a commutative diagram of profinite groups: 

(78) ^,(Gr(J))^-7ri(Gr(^')) 
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The upper arrow is an isomorphism because J = A'^ , hence Gr(J) = Gy{A')^ . 

In order to give an exphcit description of the morphism a, recah first of ah that the group of 
connected components ttq {N(K)) = 7ro(AA) is isomorphic to TLjdTL (cf. Remark 14 . 3 . 2 1 and (|65p ). 
with identification given by 

/3: vro {N{K)) Z/dZ, class of vr' in NxiK) = kixxY/K* ^ 1 

where vr' G k^xx) a uniformizer. Furthermore, the class of vr' in Nk{K), viewed as element of 
G{K) = (Picx/5, ^)'^(-^) (sse § ll.ip . is the trivial line bundle on Xk with the rigidification on 
Yk given by the multiplication by vr'. 

Second, the component group of H(S) is also Z/dZ. Indeed our group scheme H coincides 
with the one denoted by Hi in [TTj, pp. 18-21. We then have the following exact sequence 

V^{S) H{S) ^Z/dZ^ 0, 

(loc. cit., Theorem 3.5) where the first map is the natural factorization of Vy ^ N ^ G := 
(Picx/s, through H ^ G (since Vy is flat over 5), and the second map is defined by 

-f. H{S) ^Z/dZ, (Ox{^-^Xs^ ^oj^frK^-L/dZ. 

(see [H], 3.5). Applying the perfect Greenberg functor to the morphisms — > ^ G one 
sees that the map 7 is of pro-algebraic nature and we write: 

7: vro {H{S)) ^Z/dZ 

Lemma 5.3.1. Maintain the notation used above. The following diagram is commutative 



(79) 



vro (//(S))^vro {N{K)) 



Z/dZ- 



lH-i.-l 



i /3 

■Z/dZ 



In particular, the morphism a is an isomorphism. 

Proof. Recall that we denote by D the vertical divisor ^^s- Since the map H{S) — )> N{K) sends 
(C'x(— -D),a) to its generic fibre, and the generic fibre of Ox{—D) is trivial, we are reduced to 
verifying that a rigidification on Yk can be given by multiplication by the uniformizer vr', and 
that this rigidification extends to a rigidification of Ox{—D) on Y . 

Now consider Ox{—D)- This gives us an ideal sheaf of Ox- Recall that Y is regular, hence 
Y = Spec(i?') with R' a complete discrete valuation ring whose field of fractions is K' := k[xK)- 
Next, we claim that the intersection of Y and D, viewed as a divisor of y, is defined by the 
equation vr' = 0. In fact, let y € y be its closed point, and consider the local ring Ox,y which 
is regular of dimension 2. Let r € Ox,y (respectively t G Ox,y) be a defining equation of Y 
(respectively of D) around y G X. Since Xs = dD as divisor of X, we have (vr) = {f^) C Ox,y 
By definition, Y/S is of degree d; it follows that the intersection number in X 

Y.Xk = iiOx,y/{r,7r)) = l{Ox,y/{r,t'')) = 1{R! /{t'f) 

is equal to d, with t' the image of t va R' = Ox,y/{T~)- This implies that t' is an uniformizer of 
R' (and the maximal ideal of Ox,y is generated by r and t). Hence t' = u'tt' with u' £ R' a 
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unit. As a result, the intersection Y Ci D is defined by the equation t' = 0, or equivalently, by 
the equation vr' = in y. 

So by the claim, we have (9y(— Dny) = (vr'). We get in this way a rigidification of Ox{—D) 
along Y 

a:R' = OY^Ox{-D)\Y = {TT'), 1 ^ vr', 
with R' the coherent module associated with R'. Now, if we restrict to the generic point, we get 
aK:K' = Oy^ ^ Ox{-D)\y,, = (vr') =K', 1 ^ vr'. 

□ 

Now, on forgetting the rigidifications, we have the following exact sequence of Serre pro- 
algebraic groups 

^ H{S) ^ Gr(G) ^ Gr( J) ^ , 

^ < Ox (D) > ^ Pic° (X) Gr ( J) ^ 

where 7' is given on fc-rational sections by (OxC^-C), a) 1— )■ Ox{^D), and the vertical map in 
the middle is given by {C,a) 1— )• C Hence, if we identify the kernel < OxiD) > of g with TLjdTL 
by sending Oxi—D) to 1 G Z/dZ, we get the extension of pro-algebraic groups: 

(80) ^ Z/dZ Pic°(X) ^ Gr(J) ^ 0, 

and this wiU give us an element of Ext^ {Gr{J),Z/dZ) = Ext^ (Gr(^'°), Z/dZ) . 

By construction the map 7': H{S) Ox{D) >= Z/dZ is the composition of H{S) — > 
'itq{H{S)) with —7: TrQ{H(S)) Z/dZ. Hence the commutativity of (|79l) and ([78]) implies 
that the extension (|80p coincides with the extension obtained by push-out along N{K) — ?> 
7ro(Ar(i^)) = Z/dZ followed by the pull-back along the canonical map Gr(J) — )■ Gr{A') of the 
lower exact sequence in ()77p . We can summarize these facts as follows: 

Proposition 5.3.2. With notations as above, the extension (I80p in 

Ext^ (Gr(J),Z/(iZ) = Ext^ (Gr(^'°), Z/dZ) = Hom (vri (Gr(A') ,Z/dZ) 
coincides with the extension given by the morphism (|64p . 

Corollary 5.3.3. Let n € Z>i be an integer. The morphism in ()72p is an infective morphism 
of groups, which is an isomorphism if one of the following conditions is verified: 

• The local field K is of mixed characteristic; 

• The integer n is prime to p. 

If one of the above conditions is satisfied, then coincides with Shafarevich's isomorphism ([7|) 
restricted to the n parts. 

Proof. In view of the previous Proposition and results in § H] (Theorem 14.4.11 and Proposi- 
tion |433]) only the injectivity requires verification. Since, there is no non zero morphism from 
the connected pro-algebraic group Gr(J) to a constant finite group, the canonical map ([7T]) 
induces an injective maps between the group of extensions 

Ext^(Gr(J),Z/n'Z) ^ Ext^(Gr( J), Z/nZ) 
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when n'\n. Hence, we only need to show that, for Xk a torsor under Ak of order d, the extension 
(j70|) is non zero in Ext^(Gr(J),Z/(iZ) unless d=l. Since the pro-algebraic group Pic {X) is 
also connected, extension (I70p is split if only \i d = 1, and this fact implies that the torsor Xk 
is in fact trivial. □ 

Remark 5.3.4. The problem of extending the above Corollary to the p-parts in the equal 
characteristic case, reduces to showing that H in Proposition 14.3.41 is always an isomorphism, 
for example, by checking that it explicates Shafarevich's duality on the p-parts too. Although 
we have partial results in this direction, for example in the case of abelian varieties with totally 
degenerate reduction, a full answer is not yet at hand. 
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